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Mais de 5000 instalacoes de pesagem electronica

em uso em todo o mundo foram concebidas

e realizadas pelos engenheiros da Philips. Muitas trabalham
em meios ambientes altamente agressivos — que fariam
fracassar qualquer sistema de pesagem mecédnica se alguém
tivesse a ideia de os fazer trabalhar em tais condicdes.

Os sistemas de pesagem electrdnica Philips sdo estanques ao
p6 e a humidade e insensiveis ao choque e as vibracdes.
Tém uma vida praticamente ilimitada, mantendo-se a

sua precisao ao longo do tempo. As células

de pesagem, devido as suas reduzidas dimensdes,

tornam muito facil a montagem mesmo em espacos exiguos.

Nio requerendo as alavancas normalmente usadas
na pesagem mecdnica, a pesagem electronica poupa espaco
e dinheiro, dadb que ndo exige fundacdes caras.

As ligacdes entre as células de pesagem e o aparelho
indicador fazem-se por meio de cabos eléctricos

o0 que permite tornar a posicdo dagquele independente
do local da pesagem

O equipamento de pesagem Philips é de concepcdo modular
possuindo entrada e saida digitais.

Se necessitar de um sistema de pesagem em plataforma.
em lanques ou silos, em telas transportadoras ou

de um equipamento para doseamento automatico de produtos
peca informacéo detalhada a

DEPT2 INDUSTRIA

PHILIPS

PHILIPS

PORTUGUESA, S.A.R.L.

AV. DUARTE PACHECO, 6-LISBOA - TELEFS, 654521/8 « RUA FERNANDES TOMAS, 760-764 - PORTO - TELEFS. 27447/8/9
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O EMPREGO DO CIMENTO BRANCO...

permite acabamentos

mais perfeitos, malis

duradouros e muito
mals econémicos

Estude a vamtagem do emprego do

CIMENTO BRANCD LUSD

IBRA }

Consulte os distribuidores gerais

No Sul: SCIAL —T. do Corpo Santo, 15 — Telef. 32 73 77 — Lisboa
No Norte: SCIAL — R. do Bonjardim, 205 — Telef. 25779 — Porto
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Construiu nas suas oficinas e instalou no

BANCO DE ANGOLA
FILIAL DO PORTO

Quadro geral
de baixa tencdo

Quadro de comando e
controle de instalag3o
de Ar condicionado |

Executou ainda:

Posto de transformacao
blindado e pre-fabricado

15kV/400/231v

=0 projecto de electricidade

=A instalacao electrica do edificio

1 | =

J.F. DE AZEVEDO E SILVA & CI Lo
Rua S. Francisco de Sales, 2-1° Tel. 8541685~ Lisboa
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WESTIN'GHOUSE MOTO-SCRAPERS AUTO-GARREGADORES

AIR BRAKE COMPANY

ruction Equipment Division
Veoria (1lioois ) oioot

CAPACIDADE DE 11, 21 E 31 JARDAS cUBICAS

NAO NECESSITA DE TRACTOR PARA EMPURRE!
UMA SO MAQUINA... UM SO OPERADOR...

Escarifica... Carrega... Transporta... Descarrega... Em terrenos de toda a natureza!

DISTRIBUIDOR EXCLUSIVO

GUEDES & ALMEIDA LDA.

Rua Aures, 181-2.° = LISBOA-2 - TELEFS. 325080 e 327845
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A STANDARD ELECTRICA PROJECTA-SE NO MUNDO

Na vanguarda da industria das Te-
lecomunicagcées e Electronica, a
Standard Electrica, dimensionada
ao ambito mundial, ocupa uma
prestigiosa posigdo nos mercados
estrangeiros. A eficiéncia de uma
administragdo actualizada, a capa-
cidade tecnica dos seus engenhei-
ros e o profissionalismo com que
todos os empregados encaram as

suas responsabilidades, sdao valo-
res reais e positivos que, de ma-
neira decisiva, contribuem para
o engrandecimento da Standard
Electrica e da industria nacional
Associada da International Tele-
phone and Telegraph Corporation,
um conjunto mundial com cerca
de 200 fabricas localizadas em
mais de 60 paises, a Standard

Standard Eleclrica

TG

Electrica fabrica numerosos pro-
dutos, desde os minusculos tran-
sistores e circuitos integrados as
grandes centrais telefdnicas de
servigo publico, que sédo exporta-
dos para mais de 30 paises entre
os guais se destacam: Inglaterra,
Franga, Alemanha, Espanha, Sue-
cia, Africa do Sul, Brasil e Esta-
dos Unidos da América do Norte.
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das construgdes

SETH, LDA. - Rua Filipe Folque, 10-1.c + Lisboa - Tel. 530156

PARA COLAGEM DE TACOS DE MADEIRA USE:

sh OE 7
Q%" &hLTlcf%

BRANCLEPY

Também proprio para:
impermeabilizar terrenos,

paredes, fundacdes, etc. FA’BRICA EM SACA VéM

RUA FILIPE FOLQUE-10 1*— LISBOA
TEL.‘_IF, 53 01 56 —TELEG EPALDA- LISBOA
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Comunicacoes

equipamentos

e sistemas completos

. Cuidadosamenfe
projectados

« Amplamente
experimentados

+ Completamente
integrados

Registador Sanborn

HEWLETT PACKARD

Registador digital

aparelhagem electrénica Dymec
de medida e registo
Osciioscopios, Oscilografos, Voltimetros
electronicos, Geradores de sinal,

Contadores electronicos, Registadores
digitais, Fontes de alimentacao

QOscilocopio HP

Contador Electronico HP

T2 == 7 #2A PRI TECNCA DE EQUIPAMENTOS ELECTRICOS, SARL
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SIEME_S
11069
Disjuntor
superestreito tipo W
Apenas 17,5 mm de largura Montagem rapida por fixagdo de mola
ou fixagdo convencional sobre
Elevado poder de corte qualquer base
Disparo eléctrico e electromagnético Combinagées variadissimas com
aparelhagem de medidas normalizadas
Siemens
P ik
o~
5 :

i

S

al de instalagao Sieme=-

SIEMENS - COMPANHIA DE ELECTRICIDADE, S.A.R.L.
LISBOA-1: AVENIDA ALMIRANTE REIS, 65 — TEL. 5369 21 PORTO: RUA DAS CARMELITAS, 26-2° — TEL. 28943
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THEORETICAL FOUNDATIONS OF THE FINITE
ELEMENT METHOD

RESUMO

O métado dos elementos finitos € hoje o instrumento mais
geral, e um dos mais eficientes, da andlise de estruturas.

E por ouiro lado uma téenica matemdtica geral, e o fim
principal deste trabalho sera apresentado como tal, utili-
zando a Andlise Funeional como linguagem ideal para a
Sformulagio abstracta geral,

E Sfundamental para quem aplique o método saber prever
a econvergéncia para a solugio exacta de uma sucessio de
solugfes aproximadas obtidas empregando elementos cada
vez mais pequenos,

No caso de se consequir conformidade entre elementos,
o método dos elementos finitos é wm caso particular do de
Ritz, de modo que pode assegurar-se a convergéncia desde
que se corrija a complexidade,

Unm eritério geral de complexidade ¢ pois justificado
neste trabalho. Tal eritério exige que as componentes do
campo, ¢ todas as suas derivadas de ordem nio maior que
a da derivada de maior ordem que intervenha na expressio
da densidade da energia de deformagio, possam tomar
qualgquer valor constante dentro do elemento,

Prova-se finalmente que wm tal eritério & também wm
eritério de convergéneia, ists &, uma condi¢do suficiente de
convergéncia, mesmo em cagos em que a conformidade entre
elementos nio se verifique.

NOTATION
All the symbols will be defined where they are
introduced.

The following general iconvention are adop-
ted:

TECNICA N. 395-400

por

EDUARDO R. DE ARANTES E OLIVEIRA

Professor of the Instituto Superior Técnico, Head of the
Applied Mathematics Division, Buildings and Bridges
Department of the Laboratéorio Nacional de Engenharia
Civil, Lisboa.

SYNOPSIS

The finite element method is mowadays the most general
and one of the most powerful tools for the analysis of
structures,

It is also a general mathematical technique and the
main concerne of the paper is to present it in this light.
Functional Analysis is used as the ideal frame for a gene-
ral abstract formulation,

The ability to predict convergence to the exact solution
of a sequence of approximate solutions obtuined from
patterns of finite elements with deereasing size is fundo-
mental in the application of the method,

In case conformity befween elements is obtained, the finite
element method is a particular case of Ritz's method, o that
convergence can be ensured as far as completeness s achieved,

A general completeness criterion i justified in the paper.
Such criterion requires that the field components and all
their derivatives, of order not higher than the highest order
of derivative emlering into the energy dsnsily expression,
can take up any constant value within the element.

It is finally proved that such eriterion is also a general
convergence eriterion, i.e. a sujﬁrf: nt conaition for conrer-

qenee even if conformity ia not achieved,

1. Matrices (or vectors) will be denoted by
bold face symbols: g, H.

2. The dummy index convention will be used :
A=Ay 5+ Ayt

3. A derivative will be denoted by a comma
followed by indices indicating the variables with
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respect to which the function is differentiated.
The order is indicated by a superscript in paren-
theses :
dpu
i =
o 0x; 0 ... 0%,

4. A sequence will be denoted by its general
term between braces: {U,}.

1. INTRODUCTION

The finite element method is nowadays the
most general and one of the most powerful tools
for the analysis of structures.

Although it was developed for structural anal-
ysis it is really a general mathematical technique,
and the main concern of this paper is to present
it in this light. Mikhlin’s book [1] was used as
a basis for such purpose.

The important problem of the convergence to
the exact solution of a sequence of approximate
solutions generated by elements with decreasing
size will be given special attention. Experience
seems indeed to indicate that the best control of
the approximation error consists in examining
the behaviour of a sequence of that kind. It has
also been observed that no reasonable approxi-
mate solutions are likely to be generated if the
type of finite element used is such that conver-
gence to the exact solution is not obtainable.

Before convergence to the exact solution was
given the attention it deserves, there was a ten-
dency to make monotonic convergence play the
fundamental role. Monotonic convergence is
nowadays no more considered so important. It
has indeed been demonstrated [2] that conformity
(a condition for monotonic convergence) does
not always speed up the convergence to the
exact solution, i.e. less approximate solutions
have been obtained for some problems when the
monotonic convergence requirements were vere-
fied than when they were not.

The capacity for convergence to the exact
solution of some kinds of elements has been
already examined in th case where continuity is
preserved [3]. The author himself presented a
first proof [4] of the known criteria [2,5] which
is also valid for cases where continuity is violated.

If continuity is not violated, the finite element
method becomes a particularization of the
classical Ritz method. This connection with the
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Ritz method has been observed very often but
very seldom studied in detail and explored.

It is very important to notice however that, if
continuity is violated, the finite element method
is not a simple application of the Ritz method.
A section of this paper will be devoted to
demonstrating that convergence to the exact
solution is still possible even in those cases.

2. STATEMENT OF THE PROBLEM

Let A be a linear bounded operator defined
for a dense linear subset M of a real Hilbert
space H. Assume the operator A to be symmetric
and positive definite [1].

Let (u, v) denote the scalar product of two
elements of H. Let |[u|| denote the norm of an
element in H.

This paper is concerned with the solution of
the equation

Au=f (1)

that is, in the determination of the element u
which the operator A transforms into f; # and f
are elements of H.

Equality (1) is meaningful if element # belongs
to M. It is possible however that no element
of M can correspond to an arbitrary element f
of H; this is what is meant by stating that
equation (1) can have no solution in M.

It can be shown [1] that, if equation (1) has
a solution, this will be unique. It can also be
demonstrated that the solution of equation (1)
minimizes the funcional

F ()= (Au, u) — 2 (u, f) (2)

and conversely, that the element which minimizes
F in M satisfies equation (1).

If A is positive-bounded-below, and not merely
positive definite, that is, if

(A ) =72 (u,u) (3)

7 being a real constant, then the field of defini-
tion of A can be extended so that equation (1)
has a solution for an arbitrary element f of H.

The extended field of definition belongs to a
new Hilbert space, H ,, which is a dense subset
of H, defined as the completion of the Hilbert

TECNICA N. 399100



space which results from associating with the
elements of M the scalar product

[#,0] = (Au,v). (4)

This scalar product, which will be denoted by
square brackets, is called the energy product. The
norm in H , is termed the energy norm and will
be denoted by bold vertical rules:

|u| =/ [uu]. (5)

The energy norm of the difference of two
elements is the distance between both :

d(up)=|u—v]|. (6)

The square of the energy norm is termed

energy [1].
If u, is the solution to equation (1), then

Auy = f. (7)
Functional (2) can thus be expressed as

F(0) = [, 4] — 2 [, 5], (8)
It can further be transformed into

F(u) = [(u —ug), (n — up)] — [y, ug] =
=lu—-u0F—\ud‘2. (9)

Expression (9) makes it clear that the minimum
value of F in H, is obtained for u = u,.

A sequence of elements {u,,}, belonging to
the field of definition of a functional F, is termed
minimizing [1] for F if

lim F(u,) =F, (10)
F, being the exact lower bound of F.
As
F“=F(nu)=—-]ung (11)
equation (10) implies
lim |u,, —u,|=0. (12)

Equation (12) means that any sequence which
is minimizing for F converges in energy to the
exact solution. Energy convergence is character-
ized by the fact that the distance between each
term of the sequence and its limit tends to zero [1].

TECNICA N»o 599-400

3. PARTICULARIZATION TO VECTOR
FIELDS

Let Q be open, connected and bounded domain
with a finite number of dimensions. Let 5 be its
boundary, which is supposed to be composed by
a finite number of closed, smooth or piecewise
smooth stretches.

Let Q be the closed domain resulting from the
combination of { and 5.

Take for space H the space of the real vector
fields (with a fixed number of components) whose
moduli are quadratically summable over (. The
scalar product of a pair of elements, « and v, will
be given by the Lebesgue integral :

it s f uTvdL!—i—f u"vds=f_ufvdﬁ
{} 5 0

, (13)

u and VvV being column vectores containing the
components of u and v.

The number of components of the vectors is
independent of the number of dimensions of the
domain.

Equation (1) can be written in a more explicit
form:

Au = f (14)
A being a matrix of operators. These operators
are from now on assumed to be differencial.

The fields beloging to M are not supposed to
satisfy all the boundary conditions of the problem.
Those which are necessarily satisfied by every
field in M and by each field in H,, are termed
principal boundary conditions. The remaining ones
are called natural boundary conditions.

Any field belonging to M is supposed to meet
homogeneous principal boundary conditions.
Besides, both the field and the derivatives invol-
ved in A must be continuous. These derivatives
will not however generally be continuous for
every field in H ,.

The energy product between elements belon-
ging to M can be computed by the use of equa-
tions (13) and (4) :

[u,e] ———f_ {“I.I)T\! dQ (15)
1

An energy product involving elements in H
not belonging to M can be computed as the
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limit of the energy product of a sequence of
pairs of elements belonging to M.

It is assumed that the expression (15) for the
energy product can be transformed, by suitable
partial integration, into

[u,0] = J“ (Ru)” L (Rv) dL. (16)

l. is a square, symmetric and definite positive
matrix, R a diferential operator.
The energy of any element u in H , is given by

- f.; (Ru)” L (Ru) d2. (17)

The expression under the integral sign receives
the name of energy density.

Assume that Ru involves derivatives of compo-
nent 1, with order not greater than p.. The de-
rivatives of order (p,— 1) or less are termed
principal derivatives,

As the energy [n,u] of any field u belonging
to H, must be finit, (Ru) has to be bounded
almost everywhere in { for every field in H,.
The field components and their principal deriva-
tives must thus be continuous almost everywhere
in Q,

In what follows, f will be supposed such that
the exact solution falls into the subset C, C H,
of the fields whose components are continuous
everywhere in !, together with their principal
derivatives. These continuity properties will be
referred to in the text as principal continuity condi-
tions.

4. APPLICATION TO LINEAR THEORY OF
ELASTICITY

Elastic theories involve three kinds of magni-
tudes: stresses, strains and displacements, whose
vectors will be denoted by 7, ¢ and u.

These magnitudes are related by three kinds
of field equations which can be symbolized as
follows :

(a) Equilibrivm equations :

Ea=X (18)
(b) Strain-displacement relations
Du=-: (19)
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(c) Stress-strain relations :

o=He. (20)
E and D are differential operators, X is the
vector of the body force density components, H
is a symmetric positive definitive matrix.
Equations (18), (19) and (20) are valid on £.
On the boundary S, the equilibrium equations
become :

No=p. (21)

N is a matrix whose elements depend on the
orientation of the normal vector at a given
boundary point. p is the vector of the tractions
applied to the boundary.

The analysis of the equilibrium of elastic bodies
reduces to finding the solution of the system of
field equations (18), (19) and (20) which satisfies
certain boundary conditions. The simplest and
most important types of boundary conditions can
be expressed directly in terms of displacements
or tractions applied to the boundary. Let S, and
S, denote the portions of the boundary where
tractions or displacements are respectively pre-
scribed.

Operators E and D and matrix N are such that
the following relation holds if u is continuous:

-

’ sT(Du) dQ= f (Ec)’"udsl+f(h)“'“ud5.
(0 Jou s

o &

(22)

In this relation, vectors 7 and u are not neces-
sarily related by the stress-strain relations (20).

Combining equations (18), (19) and (20), we
obtain :

EHDu = X. (23)

Combination of equations (19), (20) and (21)
yields :
NHDu = p. (24)

Comparing equations (23) and (24) with equa-
tion (14), there results:

Af_—:_il'lﬂ } for points in ‘! (25)
Afi :HD } for points on 5. (26)
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It can easily be shown that operator A defined
by equations (25) and (26) has the properties
which were indicated in Section 2, if the dis-
placement boundary conditions are enough to
eliminate rigid body motion.

Using equation (15) we obtain:

[u,0] =fn (EHou)""vdu-;-f (NHOu)" vds.
S

(27)

Equation (22) allows the transformation of (27)
into:

[u,0] = {” (0n" H(Dv) dL. (28)

Operator R coincides thus with D and matrix

L with H.*

Functional F becomes :

;=’ S’HgdsszJ' H'udQ—2 [ﬂ p'uds
il 5

o 1

(29)

i.e. twice the total potential energy, if the dis-
placement boundary conditions are supposed to
be homogeneous,

The theorem of the minimum total potential
energy, which states that the exact solution is
the one, from all the compatible elastic fields,
which makes the total potential energy a mini-
mum, is thus a particularization of the theorem
which affirms that the solution of equation (1)
makes F a minimum in the space of the fields
with finite energy.

The formulation which has been presented is
quite general as it is valid not only for linear
two and three-dimensional elasticity but also for
linear theories of plates, shells and beams.

* The equation

Jo RTLRY de= [ AT vda+ [ @Tvds

which results {from the combination of (15) and (16), per-
forms thus in the general theory of the role of the work
equation (22).
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In the case of a plate, for instance, vector U
contains the transverse displacement and two
rotations, vector ¢ contains the curvatures and
the transverse shear strains, vector ¢ contains
the bending and twisting moments and the trans-
verse shearing forces.

Operator D involves derivatives of the first
order. The principal derivatives are thus of order
zero. This means that the elements of C are
elastic fields with displacement components con-
tinuous everywhere in L2,

The principal boudary conditions, which are
supposed to be homogeneous, are those invol-
ving linear combinations of the displacement
components, The natural boundary conditions are
expressed in terms of stresses.

A very frequent simplification in the analysis
of plates, shells and beams consists in neglecting
the transverse shear deformation.

This makes it possible to reduce the number
of the unknowns to one (the normal displace-
ment) in the theory of plates, and to three (the
normal displacement and the tangential displa-
cements) in the theory of thin shells.

The simplified theories represent by themselves
also a particularization of the general problem
formulated in Section 2. The only field components
are now the independent unknowns [1].

The rotations become in the simplified theory
first derivatives of the normal displacement. The
corresponding energy density involves thus first
derivatives of the tangential displacements and
second derivatives of the normal displacement,
so that the principal derivatives are the derivatives
of first order of the normal displacement and
the derivatives of order zero of the tangential
displacements.

The energy will be finit if the normal dis-
placement and its first derivatives, as well as
the tangential displacements, are continuous
everywhere in (. As the first derivatives of the
normal displacement are the rotations, the elements
of C, are still the elastic fields with all the
displacement components continuous everywhere
in Q.

Similar conclusions could easily be derived
for beams.

The principal continuity conditions are thus
the same both in the simplified theories and in
the corresponding theories where the transverse
shear deformation is not neglected.
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5. EQUIVALENT PROBLEM

Consider the domain { subdivided into a
number of subdomains, @', Q% Q5 ... 6 Q7 ...
and let H" be a real functional Hilbert space
whose elements are fields defined on the general
closed subdomain ", The scalar product between
any pair of elements, #* and ©*, belonging to H"

is defined by

(', v") = [ v v dQ 4+ J W yds =
:".f

V0

J '“r

Let H, be another Hilbert space (index n refers
to a certain degree of subdivision of ! into
subdomains). Each element u, G H, may be
regarded as a piecewise defined field. It represents,
however, not truly a single field defined on (!,
but a set of fields «° (one per subdomain),
belonging to the different spaces H'. Such fields
are called subfields of u,.

The scalar product in H, is defined by

W v dQ. (30)

(H", L }u = Z (H'r D")" (31)
where #* and " are the subfields of #, and v, ,
and 2 denotes a summation over the whole set

of subdomains.

Let M be a dense linear subset of H. Every
field in M" is assumed to coincide, on the closed
subdomain ", with an arbitrary field of M.

Let M be the field of definition of a linear,
bounded and symmetric differential operator,
defined to be such that, within £,

A'u" = Au’ (32)

and, on S°,

o~ -

| ®ww)'vde= | (Ru)"L(RY)dQ —

s v nt

— { (A'u) v dQ (33)

0

4" ond v” being arbitrary fields belonging to M".

440

Make

L

(Ru”) L (Rv') dQ =

= [ (A w)'v a8 = (A", ).

(34)
0’

Call M, the dense linear subset of H, whose
elements have subfields belonging to the sets
M’, and consider a linear subset of M, such
that, given any pair of its elements, #, and v, ,

with subfields »" and ©", the magnitude

E [, 0] (35)

can be properly chosen as their scalar product.
Let H,. be the completion of the Hilbert space
obtained by associating the scalar product (35)
(termed energy product) to such subset.

The distance between any two elements in
H ,. will be given by

[ Hn ¥ l"nlu -

), (u, —o, )], =u,—v !

(36)

“Tn (uu’ I:Iu) - V/ [{ulr

7 10
whose elements are such that their subfields «"*,
corresponding to adjacent subdomains, take equal
values at points lying on the common interface.

Let H, and H, be the field of definition and
the range of an operator B, such that, if

Consider now the linear subspace of H

nt

B, u,=u, (37)
the sum of the values taken on the interface of
two adjacent subdomains by the corresponding
subfields of u, is equal to the sum of the same
values respecting u,. The effect of the operator
B, is thus to distribute that sum equally between
the subdomains in contact.

Let v, belong to H, and let »"" denote its
subfields. We can write
Hys {n)n E (“ " 'I = ' ’ u".r vidu =
’ o Hu
=EJ_ I.I" »-—'—\(u-,n e—
l“u"‘n}a (Bu ”Jf’in)u' {38}
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Let M, be the field of definition of a new
operator. A, such that

All I“I!I = Bll fll (39)

in which f, is an element of H, with subfields
f'ﬂ = A",
By virtue of equations (38) and (39), we have

{AH I‘J’l’z):l)" - (Bﬂ f‘f’v:l}“ = ( H'U:l)" e
g E (A", 0"} = Z (1,01 = [un, vu]n. (40)

Consider now the subset of H, whose elements
fulfill the condition that all the corresponding
subfields coincide, within their respective subdo-
mains, with a given field « belonging to H  (the
same for all the subdomains). It is clear that
such subset is contained in H,. Call H, the

Hilbert space obtained by associating the scalar
product [« ,v,], to such subset As

[,,0,],= 2 [u,0'T =D, f (Ru*)"L (Rv) d2
e e = A)r
(41)

= | (Ru)"L(Rv) dQ = [u,0]
]

[u,,v,], is a proper scalar product. No contra-
diction is thus introduced if H ., is assumed to
be contained in H ,..
Call C,, the subset of H.;, corresponding to
the subset C, of H ,.
Consider the equation
Au,=f,

non

(42)

The solution of equation (42) in M, is gener-
ally not unique and the operator A, not positive
definite. If, however, the field of definition of A,
is restricted to H.,, then the operator A,
becomes positive definite. Indeed, as H., is
contained in H,, (40) permits to write

{Au un" ”n]u == [H” uu]n > 0. (43)

Consider the functional

Fﬂ (Hn) = [Hﬁ ’ uu]u -2 (Hﬂ" Jlr:i )n' (44)
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Let u,, denote the solution of (42) in H.4, Then
A, o, =, (45)

If u, belongs to H, then
(0 £) = (u,, A, wp,, ), = [, 4,10 (46)

Introducing (46) in (44), there results

]1: —2 lun’ Hoy ]n b [(H?I - HJH"
(47)

FH(HH) S 'un‘ u

"

(”u — Uy, )] S [uﬂu' ”Uu‘]'

Expression (47) makes it clear that u,, mini-
mizes F, and that any element which minimizes

L

F, in H, must coincide with u,. The solution

of (42) in H, is thus unique.

Assume now that f, vanishes on the subdomain
interfaces, and let [ be any field in H which
takes the same values, within the subdomains 2",
as the subfields of f. Let u, be the element
in H, which corresponds to the element u of

H ,. Then

(,, f), = 2, f) = f

¢ e v 0°

ur £ d=

(48)

m_-'ZJ:]surfd!.l-{—fs u’fdS=u,Jf).

By virtue of (41) and (48),
F (u,)=1[u,u] —2(u, f)=F(u). (49)

Let u; be the of H, which corresponds to u,,
By virtue of (9),

F(ug) = [ug—uy), (ug— uy)] — [ug, u,). (50)

As F,(u,)=F(u) and u,, minimizes F,(u,) in
H, , u, minimizes F(u) in H,. But equation (50)
shows that F can only be minimized by u,;
if u, coincides with u, Thus the solution of
equation (42) in HA” coincides, within each
subdomain, with the solution of equation (1)
in H,.

This means that the problem of the solution
of equation (42) is equivalent to the problem of
the solution of equation (1).
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The concepts introduced along this Section
represent a generalization of the concepts intro-
duced in the preceding ones. It is convenient to
interpret such generalization in terms of three-
dimensional Elasticity.

Operator A" has the same meaning for
subdomain (" as operator A for the global
domain, . While A is defined by expressions
(25) and (26), respectively for points located
within @ and on S, operator A" is defined by
the same expressions for points located within
Q° and on S

f, represents an external force distribution
acting on each subdomain of the body. Assu-
ming that f, belongs to H, is equivalent to
assume that the total force acting on the interface
between two adjacent subdomains is equally
distributed between both.

The value taken by f, on the subdomain
boundaries are thus half the surface density
values of the forces acting on those interfaces.
These values must vanish, if the body force
volume density is to be bounded everywhere
in 2,

To solve equation (42) means to determine an
elastic field which verifies equation (23) within
each subdomain and equation (24) on S, and
whose stresses present, on the subdomain
interfaces, the discontinuities required to equili-
brate the external forces applied on such inter-
faces. Any solution of equation (42) equilibrates
thus the external force distribution symbolized
by f,

The solution of equation (42) becomes also
compatible if it belongs to H,, because the
displacement boundary conditions are then
respected on S, and the continuity of the
displacements is preserved across the subdomain
boundaries. The corresponding subfields coincide

thus, within each subdomain, with the solution
of equation (1).

6. THE FINITE ELEMENT METHOD

The finite element method is a general tech-
nique of numerical analysis which provides an
approximate solution for equation (1).

In this method, domain  is considered to be
decomposed into a finite number of subdomains
and families of fields are considered which have
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different analytical expressions inside each
subdomain. B

A finite element is a closed subdomain, {"/
together with the family of fields which are allo-
wed to occur within it. This family is a linear
combination with coefficients 4; of a finite
number of unit modes, so that each field of the
family corresponds to ascribing particular values
to the parameters 4°.

The values of the field components and its
principal derivatives, at a certain number of
points on the boundary of the elements, called
nodes or nodal points, are as a rule chosen as
parameters.-

The type of an element refers to its general
shape, nodal point specification and to the
allowed fields, analytically defined by expressing
a general field #° in terms of the parameters
and the coordinates with respect to a given frame:
and the coordinates with respect to a given
frame::

u =0 (II, Xgin « » }q' (51)

Q" is the vector of the parameters, *

Elements ¢7 . of matrix 9 are supposed to be
continuous and have continuous derivatives of
order (p,—1), or less, in the closed domain Qe
occupied by the finite element ¢. The unit modes
are definede by the columns of ¢°

We suppose that each field component depends
only on its own values at the nodes and on the
values taken by its principal derivatives also at
the nodes. Thus, if % corresponds to the field
component u° or one of its derivatives at any
node of the element, all the magnitudes 27 for
which k=% i will be equal to zero.

It 4} corresponds to a derivative of order s of
us, 97, wil take te form

\.

¢ ; . ’.1'| T
Yig (Il’ Kepniwinimice 1) = (I(J"'P’:';' [ ’ _r-,'."; S )

7

(52)

* The allowed fields need not be introduced by
giving the expression of the field components directly
in terms of their own nodal values and the nodal
values of their principal derivatives. They can indeed
be given in terms of equal number of arbitrary para-
meters which in turn can be expressed in terms of
those nodal values (see |9]).
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in which [ is a typical dimension of the element,
for instance its maximum diameter, and ¢¢ . is a
function which does not depend on the absolute
dimensions of the element. This is necessary in
order that equation (51) can be homogeneous.

The different finite elements are compatibili-
zed through the specification of reduced continuity
conditions, These require that the values of the
field components and their principal derivatives
be the same at coincident nodes of adjacent ele-
ments and equal the prescribed ones at the nodes
located on S,, the portion of S where the prin-
cipal boundary conditions are specified.

A point of the domain is said to be a node of
the system if it is a nod for one or more elements.

Let q, be the vector of the field components
and their principal derivatives at every node of
the system but those which are located on S;.
The reduced continuity condutions can be expres-
sed by writing for each element

=T+, (53)
where matrix T depends on the topology of
the system.

Equations (53) show that the knowledge of q,
is enough for the definition of the field within
every element of the system.

The reduced continuity conditions are gener-
ally not sufficient to make the field components
and their principal derivatives continuous across
the element boundaries. This depends on the
type of the element.

If the type is such that the reduced conti-
nuity conditions are sufficient to ensure conti-
nuity of the components and their principal
derivatives across the element boundaries, the
piecewise defined fields generated by the system
of finit elements are said to be conforming. Every
conforming field thus belongs to C,,, i.e. to the
subset of H., corresponding to C,.

It the continuity requirements are violated
across the element boundaries, the fields are said
to be non-conforming.

Let U, be the subset of H, containing the
elements whose subfields are defined by equation
(51) and compatibilized through the reduced
continuity conditions. Any element u,GU, can
be expressed, withiin Q°, by

u=="q, (54)
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where
=0T, (55)
Take for space H.r (see Section 5) the space
spanned by U, and H.,. The distance between
any pair of elements belonging to H . is defined
by expression (36). The discussion of complete-
ness and convergence will be based on that
concept of distance. The distance between any
element «, in U, and any element « in H , will
indeed be measured by the distance between u,
and the element in H, corresponding to w.

The approximate solution, u,, , which the finite
element method - provides for equation (42), and
thus for equation (1), is determined by making
the functional F, stationary in U, . Such solution
could be the exact one if u, was contained in
U,. As, generally, it is not, the solution yielded
by the finite element method is only approximate.

Introducing (51) and (35) in (44), we obtain:

F,= Y07 Kq" =207 0] (56)
where '
‘= [ @) L@Rs) a0 (57)
i
0 - f o+ 40, (58)
o
Introducing now (53) in (56), we obtain
Fo=0, (3 7K 1) q,— 20, (Y T"0). (59)
Making
K, = > T7KT (60)
0, =310 (61)
there results ”
F,=4,K,q,—2q,0,. (62)

The stationary conditions for F, are obtained
by equating to zero the derivatives of F, with
respect to the mutually independent parameters
q,,. It results in the system of linear equations

K.g, =10 (63)

n*
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Introducing (57) in (60) and using (55), we
obtain

g, aes 2f (RO°)TL(R O 4O
’ o’

g, = 2_} ¢TE 4O,
. o

Matrix K, is non-singular whenever the

(64)

(65)

columns of ®° are linearly independent. As L is
definite positive, K, is also definite positive.

If K, is non-singular, the parameters g,, can
be uniquely determined by solving the system
of equations (63). Let g, be the vector of the
parameters which verify equation (63). Functio-
nal F, can be expressed as

Fll — q'j: K!Jq H - Zq:f KNqUH s (qﬂ - qU")TKN
(qﬁ - qoﬂ) - qg”KHqDH (66)

As K, is definite positive, the first term in
the right-hand side of (66) is positive unless
q, equals q_, . This proves that the solution of
(63) minimizes F in U,

Let now u,, and u,, be two elements belonging
to U,. Let q,, and q,,, be the vectors of the
corresponding parameters. The energy product

of u,, and u,, can be given by
[, 5], = Z fn (Ru)) "L(Ruj) d2 =
=g, X .j” (RY) "L (R dQy,,
=q/K,0,,=0,0, =0 Z f 7H740

’ oT
—_ E {__ ((!:gql")ff:;dﬁ= Eﬁj’ul f:;du

e o e
e S i, il oy 1),
(67)

where f, and f,, are the right hand sides (of
equation (42)) which u,, and «,, correspond to
(as approximate solutions).

It results from (67) that the functional F, may
take in U, the following expression
Fu)=Mu,,ul =20,f) =[u,ul,— 2[u, u,,],

= [, —u,), (w,—u,)],—[u,, 4,1, (68)

which makes it clear that u,, minimizes F, in U,
Such expression will be used in Section 10.

7. THE RITZ METHOD

The method just described is justified if it can
generate a sequence of fields converging to
(the solution of equation (1)), when sucessive
subdivisions are considered with elements of
invariant type but decreasing size.

Conditions to be met by matrix ¢* in order
that this convergence may be ensured can be
established if it is remarked that the finite ele-
ment method is related to the well-known Ritz
method (1, 6].

The Ritz method is a technique for generating
a minimizing sequence for a given functional,
say F. This technique. which can be used
whenever H is a separable space, is based [6] on
the determination of a sequence of families, {VN},
satisfying the following conditions :

(a) the sequence is complete in energy with
respect to a class C € H , containing u, (comple-
teness requirement) ;

(b) the nth family depends on a finite number,
N, of arbitrary parameters ;

(c) every element which can be obtained by
ascribing arbitrary values to the parameters
belongs to C, (conformity requirement).

In what concerns condition (a), it is remem-
bered that a sequence of families of elements is
said to be complete in energy with respect to a given
class CcH, if it is possible, for a specified
¢ >0, to find an integer N such that, in each
family with order n > N, there exists an element
u_, which satisfies the inequality

d(u,u,)<ce (69)
where u is any element of C.

The terms of the minimizing sequence{ Vm,}
are obtained by minimizing F in each family V,

The elements of the nth family are generally
given as a linear combination with coefficients
q,; of N linearly independent fixed elements 'I' ,
which are termed coordinate elements :

N
1=

¥, a.,="Yaq, (70)

i
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q, being the vector of the coefficients g,, and V',
the matrix with columns V',

Family V, becomes thus a linear N-dimensio-
nal space. Introducing (70) in (2), we obtain:

F(u)=1,K,0,— 20,41, (71)
in which
K= RELE)a @)
and vector O is defined by
Q= f " ¥ fd0 (73)

The values of the parameters which make F
stationary can be determined by solving the
system of linear equations

K.,9,=0, (74)
K, is a non-singular matrix if the coordinate
elements are linearly independent [1]. The system
has thus a unique solution which provides the
unique stationary point of F in V.

The finite element method can be considered
as a technique for the application of the Ritz
method only if the piecewise defined fields are
conforming (conformity requirement). Only thus
can indeed condition (c) be respected. The sets
V, are then the subsets of H, corresponding to
the subsets U, ¢ H, .

In order that convergence to the exact solu-
tion may be obtained, it is thus only necessary
to meet condition (a), that is completeness. It
will be seen later on how this can be obtained.

Comparing (70) with (54) it can be concluded
that the coordinate fields used in the finite ele-
ment method are defined by

¥ =®°T"=®" within element e. (75)

The analytical expression of the coordinate
fields varies thus from element to element and
this piecewise definition is the main characteristic
of the finite element method.

It is also important to notice that such piece-
wise definition and the reduced continuity con-
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ditions allow matrix K and vector O, to be

assembled from simpler matrices, K and Q°, con-
nected with the finite elements themselves (see
equations (60) and (61)). This is one of the
most interesting features of the method.

8. MONOTONIC CONVERGENCE

Assume a sequence of families, {V,}, fulfiling
the conditions (b) and (c) stated in the preceding
section and suppose that the nth family contains
all the families with smaller order. As v, makes
F a minimum in V,_, we have:

F,) S Fo,) SEwy)S...SF0,)S... Fu).
(76)

By Bolzano’s theorem [7], the sequence {F (v, )}
converges to a limit which cannot be smaller than
F(uy). It is remarked that this conclusion is valid
even if condition (a) of Section 7 is not obeyed.
If it is obeyed, then we know that the limit is
F (up).

As the inequality

F(v,,) — F(v,,) < 0 (77)
holds, for m < n, equation (9) yelds
| Ugn — ¥p [ < | Vam — ¥o Il‘ (?8)

This means that the distance to the exact
solution decreases when n increases. Convergznce
is said to be monotoniz.

Monotonic convergence does not ensure con-
vergence to the exact solution. On the other hand,
convergence to the exact solution is not necessa-
rily monotonic.

Consider now a sequence of approximate solu-
tions generated by finite elements with decreasing
size.

Conformity and the requirement that the
family of fields corresponding to a given subdi-
vision contains the families corresponding to
elements with larger sizes have been proposed
Melosh [8] as sufficient conditions for mono-
tonic convergence of such sequence.

However, as the approximate solution minimi-
zes F, in U,, regardless of conformity being
respected, the requirement that each family of
fields contains the families corresponding to ele-
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ments with larger sizes stands by itself as a
sufficient condition for convergence. We can
indeed write the set of inequalities (76) once this
conditions is fulfilled

9. COMPLETENESS CRITERION

In what concerns convergence to the exact
solution, we know that the Ritz method generates
a minimizing sequence and that a minimizing
sequence actually converges in energy to the
exact solution.

Convergence to the exact solution can thus be
ensured if conformity and completeness are both
achieved. We shall see however that complete-
ness is the truly important requirement.

Before proceeding further we remark that
completeness of a sequence of families with
respect to a set C C H, has a meaning provided
we can computte the distance between every field
of each family and any element in C (see Sec-
tion 6).

A general criterion for completeness will be
stated and justified in this section. This criterion
was presented in a recent book [9] by Zienkiewicz
but is has not yet been justified as far as we
know.

Let (p, — 1) be the maximum order of the prin-
cipal derivatives for component #,.

We wish to demonstrate that completeness
will be obtained if the general analytical expres-
sion for n), within element ¢ (ses equation (51)),
is given* as a polynomial with a number of
arbitrary coefficients equal to the number of unit
modes corresponding to the element. Furthermore
this polynomial expression must contain a com-
plete polynomial of the p,th degree all the terms
of which are affected by independent arbitrary
coefficients. The terms of higher degree can
vanish whatever the values taken by those coef-
ficients.

We remark that, if this is the case, the field
component «, or any of its derivatives of order
p, or less can take any arbitrary constant value
throughout the element if suitable values are
ascribed to the parameters. In order that the deriv-
ative u “ assumes an arbitrary constant value

V in 7, it is then indeed only necessary that

(*) See footnote at page 442.
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the coefﬁcient which multiplies the monomial
..)in «; be equal to V/r(r—1)...5 (s —1)...,
all the remaining coefficients being equal to zero.

The right hand side of equation (1) has been
constrained in Section 3 to be such that solution
u, belongs to C;, so that the derivatives of order
p; of solution u, are bounded but not necessarily
continuous.

In the next Sections we assume furthermore
that the exact solution falls into a subset of C,
C,, such that the derivatives of order (p,+ 1)
of the field component u, are continuous within
each element. Discontinuities of the p,th and
(p,+ 1) th derivatives are still allowed at points
which always remain on element boundaries as
the size of the elements is progressively reduced.

Let C;, be the subset of H, corresponding to

the subset C, or H,.
Any field u, belongmg to 'C,,

(I‘I.

can thus be

represented mslde Q" by the following Taylor’s
expansion of its subfield components:

g =u; (0) + 1 (0). (= %) + ... +
1 i
+ o7 ek (O). (=) - (=) +
-+ (I?.-:-l)! ’.E,f’ i,”(O) (x,— 1" ){xﬁ—ln
5 (II;—I:J) {79)

O and O, are points of L. O, depends on the

coordinates of the point where u! is to be deter-
mined.

Let us consider now a polynomial field with
components

Ie

u, = 1.':'- (O) 4+ u:_;- (D) .(.1;.— _1:} + ...+

4 _lT |:'r]! (0). (1 —1 ) (-‘L_'Ia:-i] (80)

p,!
which we call tangent field to « at O,
As all the derivatives of order (p, + 1) are

bounded inside 2, (79) and (80) yield :

—— ‘{__
(r,+1)!

V,ACyE (81)

in which V, is an upper bound for all the (p, 1) th
derivatives and I" is the maximum diameter of
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element e. d is the total number of the (p, 1) th
derivatives.

By considering similar expansions for the de-
rivatives of u,, it is possible to derive the following
general inequality :

elr) tolr) d e pi=r41
Hf-f-,ﬂ' — Uik < (pi —r+ I) e Vl '(! )

(82)

for r<p,.
As operator R involves derivatives of u/ of
order p; or less, we have:
[R(u =) LR =< V()7 (83)
for I" sufficiently small. V, is a positive number.
Thus:

[ —u"), (" —u))" <V, (N°Q.  (84)

If tangent fields u" are considered for every

subdomain {1, piecewise defining a field ' in £,
we obtain, by using (35),

(’”u _u: l ")2 =!(H ——I{: ): (ﬂ ""“fl )]u< V2 Ili Q
(85)

in which /, denotes the maximum value of [° in
the whole set of elements.

This means that the distance between any field
in C, and the tangent field « , piecewise defined
by (80), tends to zero with the size of the finite
elements.

Consider now a type of finite element gener-
ating a sequence of families of fields whose
completeness is to be investigated.

Call «/* the field within the finite element ¢
such that the values of its components and their
principal derivatives at the nodal points are res-
pectively equal to the values of the components
of the field », ¢ C,, and corresponding partial
derivatives at the same points.

Suppose the general criterion to be satisfied. "
can thus be one of the fields which can occur
within the finite element. Let this field correspond
to values 4. of the parameters :

u le I 'I't q ra. (86)
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On the other hand

u{r='-l"[|;‘. (87)
From (86) an (87) we obtain
|ui —uf|=|e; 7 —a7)|  (88)

or, considering (52),

le Sfe
‘II‘- —u'-

=) | ¥ @f —af)| (©9)

in which s is the order of the field derivative to
which parameter ¢, corresponds.

But
5 o | Fy *g )
I,,—'T‘:;(,c' =, ) (90)
] I
and
T e 1)
Ty 0w 1) 0 (k[T
For this reason,
| — | = | e tay —a 7))
< ”"}‘b_rl -al'.#a q;‘_qj‘—g)
F, | o(x,/I)...0(x,/I)
(92)

As the absolute dimensions of the element do
not appear explicitly in the functions ¢, these
functions remain bounded as the size of the
element decreases.

The same happens to the derivatives a"L;./
[o(x,/I)...d (x,/]), for r < p,, because the func-
tions 7, and their derivatives of order (p,_])
or less were in Section 5 supposed to be con-
tinuous. Assume the moduli of all these magni-
tudes remain below a positive number V..

Then

teir) fe(r)

[ g g— ¥ k.l 7

<z(r)~ » Vj,l.:fj:—if'ﬁr
(93)

On the other hand, as the components of u”*
and their principal derivatives take the same
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values at the nodes as the corresponding magni-
tudes in u', equation (82) permits us to write:

S| - d

[p_s+1)I .VI.(I"}}"{—-.\ :—]-

(94)

when parameter 4 corresponds to a derivative
of order s.
Equations (93} and (94) hold even if the p,th

derivatives of u/" are discontinuous in Q°. This
is an important remark because sometimes [10]
the element itself is considered subdivided into
parts and the field admits different analytical
expressions within each part. Our proof remains
valid however even if the derivatives of order
p, are not continuous across the internal boun-
daries of the element.

As the parameters cannot correspond to deriv-
atives of order larger than (p,—1), s cannot be

larger than (p,—1) and equation (94) yields

4" —af < Ly (V4 (o)
21

Introducing equations (95) in (93) we obtain:

Wit — f’;”f\<v LUYTTNT (06)

N“being the total number of parameters corre-
sponding to element .

This equation is still valid for r=0, if the
derivatives of order zero are interpreted as the
field components themselves.

The similarity between equations (96) and (82)
allows a jump straight to the inequality :

[‘I!L — |.“}2<-'..; V, I?‘ ) (97)

V, being a positive number and »/ denoting the
piecewise defined field which coincides with #’*
within a general element ¢.

Equation (97) means that the distance between
' and u/ tends to zero with | . Combining (97)
and (85) we conclude that the distance between
u, and u/ tends also to zero when the size of
the element decreases, so that, as u, is an arbitrary

element of C, , the completeness proof is finally
achieved.
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10. CONVERGENCE DISCUSSION

Consider any type of finite element which can
generate a sequence {U"} of families of generally
non-conforming fields complete in energy with
respect to C,.

We wish to investigate if the sequence of
approximate solutions {u,,} obtained by mini-
mizing F, in each family U, converges in energy
to the exact solution.

We know already that completeness implies
convergence to the exact solution if it is associated
with conformity. It will be concluded in this
Section that completeness with respect to C, is
a sufficient condition for convergence, regardless
of conformity being obtained.

Let u,, be the field in U, which presents the
same nodal values of the field components and
corresponding principal derivatives as i, (the
solution of equation (42)in H , ). As completeness
is ensured, it is possible to determine N such
that, for n > N,

d,(u,,,4,,) <t (98)
¢ being a positive and arbitrarily small number.
As [, is continuous, we can find ¢ such that
F" (u;'.'i] = l'tu (uﬂu) i ¢! (99)

¢ being also positive and arbitrarily small.
As u_, belongs to U, , and u,, (the approximate
solution yielded by the finite element method)

minimizes F, in U,

F,(u,,) < F, (u,) (100)
and
E )< Elug ) Te. (101)
Let now f, be an element of H defined by
fan = A, u,,. (102)
As u,, is an approximate solution to equation
(42), f,, generally does not coincide with | .
Let u, denote the solution of the equation
Arr !f = f‘;!” (103)
in H, . Assume that u_, belongs to C,,. This

assumption will later be discussed.
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Let u,, be the field in U, whose components
and corresponding principal derivatives take the
same nodal values as u_,. As u_, belongs to C,, ,
and the sequence {Ul,} is complete with respect
to C,, it is possible to find N, such that, for
n > N,,

du (Hr.u ’ ubrr) < 5 (104)

¢’ being a positive number, arbitrarily small.
As A, is a continuous operator, it is also

possible to determine ¢ such that (104) implies

|| A u,—A uy, || < e (105)
“ being positive and arbitrarily small.
Let
f;tl == Au Hpp - (106)
As u,, is a solution to equation (103),
AH usn = f:m . (107)

The inequality (105) can thus be transformed
into

(108)

By virtue of (67), as u,, and u,, both belong
to U,

AR 1 L

[dn (u:m ’ ”bu )]? s [(urru = Hém)’ (urm T Hbu):[u

(109)
== (( Yo — ubu}‘ {-f:w B fhu})n .
As, by Cauchy's inequality,
((”ml — Wy )‘ (f:m = f:‘m Dn Z || U — u.’m ||ir
|| fr;u_f;m |u < s How— U ||n (110)
we obtain
du (uau ! u."m) < V, (E”t uau e “bu | u}' (111}

Combining (104) with (111), there results

du {uau ’ ucu) Z du (“fm ¥ uhu] + du (ubu ! uru) < Eiv
(112)

where

£ == i + v H B — | 2 (113)
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As F is a continuous functional, it is then

possible, given ' > 0, to determine ¢ such that

!r:s (uﬂ{) = [“u (”fm) + E‘.' {114)
As u,, belongs to 1, ,
700> FLG0) (115)
Thus
. liis Y28 T F ) (116)

Combining (99), (100) and (116), there results

(117)

an

)’.‘}, [u"u) Z F,“ {I{',”J q_‘ f"“ (1{ ) i P i Ev

and thus
F,(u,)=F,(u,) 4" (118)

in which "' <&’ + ¢"

But, as u,, and u, both belong to U,, (68)
permits to write
Fll(ué.‘ll) - Fu('uan] = [{uau - ;{S’ﬂi)" (uﬂh‘ e ur‘ﬂ)]" .
— [du (uau" uru)Ig = :""I' (119)

Combining (119) and (98), we obtain finally

d (0 > (0,.) 4+ (%, uU") <e+4 ./’e‘" 2
(120)

Expression (120) shows that u,, converges
to u,.

It remains to prove that u, belongs to C,,.
This assumption was indeed used to obtain (104).

Our reasening will be based on a theorem
which is known to be valid for Poisson’s
equation

Ay=f (121)

Such theorem states that u has continuos
second order derivates in domain & whenever f
is a Holder continuous function in  [12].

A corresponding theorem is lacking which
refers to the general problem with which the
present paper is concerned. We are thus not sure
that the derivatives involved in the operator A are
continuous whenever f is Hélder continuous. It
seems however very reasonable to expect the
theorem to be true, at least as far as linear elastic
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theories are concerned. It will thus be admitted
that, at least in case of Elasticity, the Holder
continuity of the body force density implies the
continuity of the displacement derivativesinvolved
in the operator.

u denotes the solution to equation (103) in

e

H , . This means, in terms of Elasticity, that u_,

represents the compatible field which -equili-
brates the same external forces as u, . Such
forces are of two kinds: body forces distributed
within each subdomain and forces distributed
on the subdomain interfaces and on S.u , will
belong to C,,, i.e. its (p, + 1) th derivatives will be
continuous within £, if the derivatives involved
in the operator are continuous within {', and

thus if the body force density corresponding
to #  is Holder continuous within £,

The problem now consists in proving that the
body force density corresponding to u,, is Holder
continuous within £°, no matter how large is n.
We shall not attempt to investigate the general
conditions in which such a statement is true.

Sometimes, however, the proof is trivial. This
is namely the case if the type of the element is
such that the body force density vanishes or is
forced to a prescribed bounded and continuous
polynomial variation within each element, no
matter the values of the parameters.

If such a common situation arises, there
remains no doubt that the completeness criterion
is also a convergence criterion, even if conformity
is not achieved. But, if it is achieved, the finite
element method becomes a particularization of
the Ritz method, and completeness will ensure
convergence in any case.

Our reasoning can be adapted to cases [10]
in which the elements are subdivided into parts
and the allowed fields have different analytical
expressions within each part. The body force
density is then generally not continuous within
the element taken as a whole. Convergence will
however easily be proved if each part is treated
as a separate element.

11. CONCLUSIONS

The finite element method has been presented
as an analytical technique which can be applied
to a very broad class of problems.
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Functional Analysis provides the frame for
an abstract formulation in which some genera-
lized concepts, like energy and distance, with
a physical or geometrical origin, play a funda-
mental role, Particularly, the definition of distance
between two fields, as the square root of the
energy of their difference, is an extremely con-
venient basis for the discussion of convergence.

The description of the finite element method
also required the introduction of the concept of
principal derivatives. Continuity of the field
components and their principal derivatives is
necessary if the energy density is to be finite.
In two and three-dimensional Elasticity, for
instance, as the continuity of the displacement
components is enough to ensure a finite energy,
the principal derivatives are of order zero.

The fact that the finite element method is
based on the decomposition of the global doinain
into subdomains, made it convenient to trans-
form the initial problem into an equivalent one.
In Elasticity, for instance, the initial problem
consists in the determination of an elastic field
which verifies the field equations everywhere
within the domain, while the transformed
problem consists in the determination of a set
of fields respecting the field equations within
each subdomain and verifying compatibility and
equilibrium conditions on the subdomain inter-
faces. In both cases the conditions imposed on
the external boundary must be fulfilled.

In the finite element method, the principal
continuity requirements are replaced by reduced
continuity conditions which may imply the
fulfillment of the principal continuity conditions
everywhere in the domain. If they do, the
piecewise defined fields are said to be conforming
but non-conforming if it happens otherwise.

This is an opportunity to remark that con-
formity has been with difficulty obtained for plate
and shell elements [10]. Such difficulty results
from the fact that rotations are usually regarded
as derivatives of the transverse displacements.
This has not however to be so (see Section 4),
and conformity can be easily obtained if the
rotations are considered as true displacements.

When conformity is achieved, the finite
element method becomes a particularization of
the Ritz method. Such particularization is charac-
terized by the piecewise definition of the field,
which, together with the reduced continuity
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conditions, allows matrix K, and vector Q, (the
stiffness matrix and the force vector in elastic
problems) to be assembled from simpler matrices
and vectors which refer to each finite element.

The matrix analysis which is developed in this
paper for the determination of K and Q, is
a generalization of the displacement method of
Stuctural Analysis. The force method [4] could
also be used.

Completeness is a sufficient condition for
convergence to the exact solution in the Ritz
method, i.e. if conformity is achieved.

A general completeness criterion is justified in
Section 9. It is proved that such criterion ensures
completeness with respect to a set C, containing
the fields whose derivatives of order up to (p, + 1)
are continuous within the subdomains corre-
sponding to the elements. The principal deriva-
tives are of order p,—1, so that the criterion does
not ensure completeness with respect to the set
of all the fields with finite energy.

In two and three-dimensional Elasticity, the
(p, -+ 1) th derivatives are second order deriva-
tives. Their continuity implies the continuity of
the body force distribution density. The continuity
of the body force distribution density is not
however a very strong restriction, as disconti-
nuities of the first and second derivatives of the
displacements are still admitted at points which
remain on element boundaries when the size of
the elements is progressively reduced. The solution
of problemsin which external forces are distributed
on element interfaces is thus not excluded.

Completeness with respect to C, is a sufficient
condition for convergence whenever conformity
is achieved. However, it was shown in Section 10,
that completeness implies convergence in any
case, i.e., even when conformity is not achieved,
if the body force density remains continuous
and bounded within each element as n tends to
infinity.

Along the whole paper the principal boundary
conditions (which correspond to displacement
boundary conditions in Elasticity) were supposed
to be homogeneous. If they are not homogeneous,
the finite element method can however still be
applied. All that must be done is to make the
values of the field components and their principal
derivatives coincide with the prescribed values,
at the nodes which are located on 5,. As the
size of the elements tends to zero, we obtain
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approximate solutions tending to a solution which
obeys the field equation inside the domain (in
case the convergence criterion has been respected)
and the prescribed boundary conditions on the
boundary. This is of course the exact solution.

It remains to indicate that the formulation
presented in this paper is not the only possible one.

In the present paper, the nodal values of the
field components and their principal derivatives
are indeed chosen as parameters in terms of
which the reduced continuity conditions are to
be expressed.

It is however possible, in elastic problems, to
take as parameters the resultants and moments
of the forces distributed on the element boundaries.
The analysis starts then from reduced equilibrium
conditions, which are directly expressed in terms
of such parameters [11]. The interest of this
second formulation is that it can generate
equilibrated solutions while the first formulation
leads to compatible ones (if conformity is
achieved).

This second formulation may be generalized,
as well as the first, to cover the general problem
with which the present paper is concerned. It
will be shown in a next paper how this can be
done and which criterion may be used to ensure
convergence to the exact solution.

REFERENCES

[t] 5. G. Muknvixs, Variational Methods of Mathematical
Physics. Pergamon Press (1963).

[2] G. P. Bazerey, Y, K. Curuvxe, B, M. Iroxs and O. C.
Zwexgiewicz, Triangular elements in plate bending.
Conforming and nonconforming solutions. Conf.
Matrix Methods in Structural Mechanics, Wright-
Patterson AFB. Ohio, 1g65.

[3] S. W. Kev, A convergence investigation of the
direct stiffness method. Ph.D. Dissertation. Univer-
sity of Washington (1966),

(4] E. R. Araxtes Oviveira, Introdugdo a teoria das
estruturas, Lisboa, Author's edition (Dec. 1966).

[5] B. Iroxs and K. Drarer, Inadequacy of nodal
connections in a stiffness solution for plate bending.
AIAA Jul 3, 965 (1963).

[6] L. V. Kaxrorovicr and V, 1. Krvrov, Adpproximate
Methods of Higher Analysis. Noordhoff (1958).

451



(7] E.T. Warrracer and G. N. Warsos, A Conrse of Mo-
dern Analysis. Cambridge University Press (1965).

[8] R. J. MerLosn, Basis for the derivation of matrices
for the direct stiffness method. 4/4A4 Jul 1,
1631 (1963).

o] O. C. Zwmskiewicz and Y. K. Carune, The Finite
Element Method in Structural and Continuum
Mechanics. McGraw-I1ill (1g67).

[to] R, W. Croven and J. L. Tocuer, Finite element
stiffness matrices for analysis of plate bending.
Conf. Matrix Methods in Structural Mechanics,
Wright-Patterson AFB, Ohio, 1965,

[z1] E. R. Araxrtes Ouiviira, Formulagdes basicas do
método dos elementos finitos. 2."s Jornadas Luso-
Brasileiras de Engenharia Civil, Rio de Janeiro-
S. Paulo (Agosto 1967).

[12] R. Couraxr and D. Hiveerr, Methods of Mathe-
matical Physics, Vol, 1l. Interscience (1962)

APPENDIX

COMMENTS ON THE PAPER: THEO-
RETICAL FOUNDATION OF THE FINITE
ELEMENT METHOD 7

[N THE summer of 1965 following some clues
in the literature [1] and also some early indica-
tions in the experiments on the Zienkiewicz
plate bending triangle [2], certain definite
conclusions were reached concerning the conver-
gence of non-conforming plate elements. The
numerical experiments and the theory that
subsequently reinforced the conclusions are
described in the addendum to Ref, [2]|. The
experiments are now described less succinctly,
as their import appears
misunderstood.

If we postulate that a particular solution
converges as the mesh is refined, giving smoothly
varying stresses, we may presume also that the

to have generally

E Ocuivera, Int. J. Solids

TE. R. pe Anaxras
Struct, 4,929 (1968).
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finite element representation gives sensibly
constant bending stress within each element
and hence sensibly constant curvature. This is
why, in engineering terms, displacement functions
must be “‘complete”’[3]. However, early experi-
ments suggested that the responsabilities were
not entirely fulfilled unless conformity was also
imposed. It was fortunate that four elements
were simultaneously under test [2], one of which,
the Zienkiewicz version, was non-conforming,
the other three conforming. All four gave the
states of constant curvature under suitable nodal
action and all four were derived from a single
shape function routine with options, by numerical
integration. In two cases this was exact. The
routine was checked thoroughly by various
numerical tests.

The first indication of the strange behaviour
of the nonconforming triangle was when mesh
(a) of Fig. 1 responded correctly to distributed
bending moment applied at the free end

L e «
L . » g d g
- -
* + - - T
.
r " x > P e
j. -vri'-ra'_‘i'
- - —— B
‘a i c)
A AR
¥R 7 , ,
LK /
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< S B o . & o - t * -J
L S R S g S |
S e e g I | J
i " « = k SRS .

Fi6, 1. The mesh pattern on which experiments demon-
strated convergence or non-convergence.

whereas (b) did not. The evidence was already
irrefutable, for the conforming triangles all
behaved correctly in both mesh (a) and (b). This
evidence suggested that a mesh of type (c),
composed of three sets of parallel lines, gives
convergence, whereas mesh (d), composed of
“union jack” figures, would not give convergence,
however fine the mesh. This suggestion may be
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easily and decisively checked, by imposing a state
of constant curvature on the basic figures which,
replicated in both directions, give (c) or (d),
Thus, when the external nodes of (e) and (f) are
given slopes and deflections corresponding to
states of constant curvature, either the elements
behave, or they misbehave. That is, the internal
node either takes up its correct slopes and
deflection corresponding to the required state of
constant curvature, or it does not. With the
non-conforming triangle, (e) behaved but (f) did
not. (Despite this result, the element is useful
and gives accurate results in practice.)

These observations did not complete the
research. The theory they suggested showed that,
provided the element has certain symmetries
possessed by every practical element, mesh (c)
converges, regardless of the angles of the three
sets of parallel lines. This property extends also
to the general anisotropic case, and it even
extends to the case where the integration
formula is not accurate enough to give correct
stiffness coefficients [4]. As a bonus, the theory
predicts correctly [1] that a mesh of equal Melosh
rectangles converges.

These observations and theoretical predictions
seem to be at variance with the conclusions of
Ref. [2]. It is the purpose of the present note to
clarify what has been proved.

The important point is that the convergence
proof presented in Ref. [2] depends on u,
belonging to C,,, as indicated in the text.

The analogy with the case of Poisson’s equation
permits the conclusion that u,, belongs to C,, in
the case when operator A is a second order
differencial operator and the components of f,
(body force density components in the elastic
case) corresponding to the successive approxi-
mate solutions, remain continuous and bounded
within each element as the size decreases indefi-
nitely. This is the case in two- and three-dimen-
sional elasticity, and hense also for plates, shells
and beams if the transverse shear deformation has
not been neglected.

The situation changes however if the order
of the highest derivative of u, contained
in A exceeds p, + 1, because the boundedness
of the components of f does not then ensure
the boundedness of the (p, + 1)th derivatives of
the field component u. The (p,+ 1)th deriva-
tives can, for instance, be constant within each
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element but unbounded as the size decreases
indefinitely, whereas the (p, + 2)th derivatives
vanish and are thus bounded.

Such is the elastic theories which result from
neglecting the transverse shear deformation. T he
appropriate convergence conditions can be es-
tablished by resorting to the convergence condi-
tions of the corresponding theories in which the
transverse shear deformation is not neglected.

In the simplified theory of thin plates, for
instance, A is a fourth order operator and (p, + 1)
is equal to 3. The convergence conditions are,
completeness, and the condition that the third
derivatives of the transverse displacement, corre-
sponding to the successive approximate solutions,
remain bounded within each element as the size
decreases (see Ref. [5]).

The union jack mesh (d) does not give con-
vergence because the third derivatives of the
transverse displacement are unbounded as the
size of the element decreases. Such derivatives
remain bounded in mesh (c) : convergence is thus
obtained. If conformity were guaranteed, com-
pleteness would be sufficient for convergence
regardless of the mesh pattern. Completeness
and the boundedness of the (p, + 1)th deriva-
tives corresponding to the successive approxi-
mate solutions appear to be sufficient conver-
gence conditions in the general case.

Such conditions can at least be shown to be
sufficient if a type of element exists with the
same general shape and nodes as the one which
is to be investigated, but meeting both complete-
ness and conformity conditions. Let u,, be the
field generated by such an element, when the
nodes and nodal displacements are the same
as those corresponding to u,,. The same argu-
ment that was used to prove the completeness
criterion in section 9 of Ref. [3] may indeed be
used again (if the (p, + 1)th derivatives of u
are bounded) to show that the distance between
the two fields «, and u,, can be smaller than
a given positive and arbitrarily small number.
As u,, is a compatible field, the inequality (116)
of Ref. [3] remains valid and the convergence
proof continues as in Ref. [3].

Bruce M, Iroxs, and Oueriro C, Ziexkirwicz
School of Enginnering, University College of Swansea,
Great Britain.
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PROGRESSOS RECENTES

RESUMO

Nesta conferéncia fez-se uma revisio de alguns dos pro-
gressos mais prometedores na industria do ago que poderdo
vir a afectar o equilibrio enire a procura e a eapacidade
de produgie Analisaram-se, portanto, téemnicas recentes
de redugdo do ferro, aciaria e fabricagdio no que diz respeito
aos sews problemas teenoldgicos e viabilidade econdmica.
Foi dada énfase ac papel que o controle desempenha no
wmanagementy e na teenologia. Discutiu-se ainda, swmi-
riamente, G tmportincia que estes novos progressos poderio
vir a ter no fulturo da indiastria portuguesa do ago,

1. INTRODUGCAO

O ago é um dos mais baratos materiais de
construgdo em engenharia. A despeito dos pro-
gressos no abastecimento de outros metais e na
produgdo de plasticos, os mercados em que estes
competirdo com o ago estdo provavelmente limi-
tados aos campos de embalagem e estruturas
leves, e mesmo nestes a indiistria do ago pode
competir criando novos produtos tais como ago
revestido a pldstico que reune as vantagens des-
tes dois materiais.

Ao longo dos séculos a produgio de ago
aumentou sistematicamente, aparte periodos de
depressdo econémica mundial como a dos prin-
cipios da década de 1930 (fig. 1). Uma extrapo-
lagdo da evolugio da produgdo bruta mundial de
ago feita por Lord Layton (!), director comercial
de British Steel Corporation, sugere uma pro-
ducdo total de 800 milhdes de toneladas de aco
por ano para 1985. Esta data foi tida como apro-
priada para uma previsio a longo prazo.

O consumo de ago nos paises desenvolvidos
estd grosseiramente relacionado com o rendi-
mento «per capita» médio do pais, 30-50 kg/$100
U.S./ano. Os Estados Unidos consomem cerca
de 650 kg/cabega/ano e a média mundial é apro-
ximadamente de 150 kg/cabega. Podemos entio
esperar um eventual aumento de procura em

C.D. U, 669.1

NA INDUSTRIA DO AGO’

por  B. B. ARGENT, B. Met., Ph. D.

Professor no Departamento de Metalurgia
da Universidade de Sheffield (U.K,)

SYNOPSIS

Some of the most promising developments in the steel
industry which are likely to affect the balance between
demand and production capacity have been reviewed. Recent
techniques used in ironmaking, steelmaking and fabrication
have therefore been analysed with respect to their technolo-
gical problems and ecomomic viability., Special emphasis
was given to the part that control plays in management and
in technology. The importance that these new developments
may have in the future of the portuguese ateel industry was
briefly discussed.

Portugal da ordem de 5000000 ton/ano. Pode-
mos comparar este nimero com o verificado em
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Fig. 1 — Crescimento da produ¢do mundial de ago
de 1890 a 1668.

* Conferéncia organizada pelo Laboratério de Fisica e Engenharia Nucleares (Grupo de Metalurgia) e proferida
no anfiteatro do Laboratério Nacional de Engenharia Civil em 25 de Setembro de 1969.
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1967, que foi inferior a 1000000 de toneladas,
das quais uma frac¢do importante foi importada.
Serd entdo de esperar um substancial aumento
no consumo de ago a medida que a prosperidade
do pais aumenta e talvez n3o seja insensato pre-
ver uma taxa de aumento de procura de 8°/, por
ano, até atingir 3 000 000 toneladas/ano em 1985.*
A fig. 2 d4a uma ideia do que isto significaria se

«rails», dormentes e «fishplates», . . . 35.000ton
chapa 3 M0T . & o % mus o o .« . 380.000
SECCOES + o s s x = & o 5o owow s ow o« 3122000
arcos € acessOrios « « « - -« « . « = & 44.000
banda laminada a quente . . . . . . . 197,000
banda laminada a frio. . . . . . . . . 03,000
<bright steel bar»., . « « .« + .+ « - . . 64000
fOIlM8. v o 5 o 4 B0 Bus = & mw & @ @ 08T000
folha estanhada, folha preparada. . . . 154,000
forja. + « - « . ol 5 E % %D 8w G . 20,000
acos vazados. . . . . . . . o« o« =« 31000
acosde ligha o ¢ o o s a5 o w =« o« 131000

Fig. 2 — Distribuicdo de uma produgio de 3 milhdes
de toneladas de ago em proporgdes semelhantes is do
U.K. em 1967.

a distribuicdo dos produtos fosse a mesma que
se verifica no Reino Unido. Contudo deve-se
acrescentar desde ja que esta ndo sera na reali-
dade uma comparacdo muito aceitavel na medida
em que os moldes de consumo variam de pais
para pais. A intengdo é, principalmente, dar uma
ordem de grandeza dos produtos requeridos.
Nos tltimos dez anos, a capacidade de produ-
¢do excedeu em 50 milhdes de toneladas a pro-
dugdo mundial total; no entanto como este
nimero apenas representa 10%/o da referida capa-
cidade, ele nio é certamente suficiente para
afectar a viabilidade econémica de uma siderur-
gia moderna. Contudo, esta tendéncia para a
capacidade produtora exceder ligeiramente a pro-
dugio representa uma ameaga para unidades
obsoletas e para organizagbes usando praticas
antiquadas. Ha necessidade de olhar continua-
mente em frente, o que implica a adopgdo das
mais modernas técnicas de administragdo para

* A taxa internacional é, presentemente, 8 a 12°/, por
ano.
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assegurar a «performance» e perspectivas de
cada empreendimento. Algumas das técnicas
essenciais para o estabelecimento da viabilidade
econémica dos actuais e dos novos processos
estdo sintetizadas nos pontos seguintes:

i. Planeamento

i.1 — pesquisas extensivas ao mercado

i.2 — avalia¢do da rentabilidade dos inves-
timentos usando técnicas de «dis-
counted cash flow»

i.3 — custos marginais para expansio da
produgio

i.4 — «Network analyses»

ii. Controle

ii.1 — custos standard de produgio

ii.2 —técnicas de controle de «stocks»
para minimizar os custos de arma-
zenagem»

ii.3 — utiliza¢do de técnicas de programa-
¢do linear

ii.4 — controle de qualidade para garantir
e aceitabilidade do produto.

Estas técnicas devem ser usadas em cada caso
particular para se estabelecerem objectivos defi-
nidos a todos os niveis de administragio. Infeliz-
mente ha poucas conclusGes que possam ser
transpostas de um local para outro e os proble-
mas devem em cada situagdo ser abordados de
novo.

A escolha de uma nova unidade e de novos
processos esta também sujeita aos habituais con-
dicionalismos metaltrgicos devidos ao tipo de
produto requerido e ao ntimero de unidades
necessarias para prover a uma indispensavél uni-
formidade do produto (muitas vezes, mais de
50°, da produgdo deverd depender apenas de
uma unidade). Este facto pode ter um efeito
estratégico determinante se estamos entregues a
determinado tipo de empreendimento e deseja-
mos mudar para outro.
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Nesta ordem de ideias pensamos que a inds-
tria do ago em Portugal depararé, nas préximas
duas décadas, com uma série interessante de
opgdes. A procura expectivel para o aco em
Portugal é pequena comparada com a capacidade
prevista para varias grandes siderurgias na
Europa e Japdo. Deste modo, as unidades mais
econOmicas a instalar serio provavelmente dife-
rentes das que seriam escolhidas para paises com
maior procura de ago. Isto é na maior parte
devido ao facto de que, como Leckie e Morris (2)
salientaram, acima de 1,5 milhGes de toneladas/
/ano, a rentabilidade de uma empresa depende
mais da percentagem da capacidade de produgdo
utilizada do que das dimensdes das instalacdes.
E provivelmente mais econémica uma expansio
baseada em certo niimero de unidades de tamanho
médio do que num menor niimero de unidades
de grandes dimensdes, porque assim se podera
seguir mais de perto as tendéncias do mercado
de vendas.

Propomo-nos abordar primeiramente a fabri-
cagdo de gusa, depois a aciaria e finalmente o
fabrico de produtos intermédios e acabados.

2. PRODUCAO DE GUSA

Devem ser considerados dois caminhos :

1— o tradicional alto forno, produzindo gusa
com alto teor de carbono.

2 —técnicas de redugio directa produzindo
material com 92-95°/, de ferro, do qual
92 a 97°/, no estado metéalico, ex.: por
um forno rotativo SLRN ou pela técnica
de leito fluidizado ESSO FIOR.

2.1 — Altos fornos

Estas unidades desenvolveram-se grandemente
em dimensdes e produgdo nos ultimos 20 anos.
O maior alto forno japonés, FUKYAMA 2, tem
um didmetro de cadinho de 11,2m e produz
6000 toneladas de gusa por dia (3). A mesma
companhia esta presentemente a construir um
alto forno com 11,8 m de didmetro para produ-
zir 7000 toneladas por dia. De acordo com
Leckie (4), ha uma relagdo geral entre os custos
de funcionamento, produgio e dimensdes, que
favorece as grandes unidades desde que estas
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sejam utilizadas perto da sua capacidade nomi-
) R

As dimensoes, por si s6, ndo sdo garantia de
uma produgdo volumosa ou econémica. Em par-
ticular é necessirio um bom controle da marcha
do alto forno. A marcha dos altos fornos japo-
neses tem fornecido resultados excelentes em
virtude da aten¢io dada as caracteristicas a
seguir mencionadas. Estes factores conduzem a
uma marcha mais rdpida com menor consumo
de coque.

1 — Controle da carga

O alto forno Fukuyama utiliza :
a) 70°, sinter (6,7-50,8 mm, < 5%/,
de 0 a 5mm) de basicidade controlada.

* E notdvel que as mesmas consideragdes se podem
aplicar aos custos de frete e usando mineraleiros de
100 000 toneladas estes custos para o Japdo descerem a
1/3 dos que se verificaram em 1960.

A fig. 3 mostra como os custos descem ccm o aumento
de produgao.

100 Sequndn leckie —!

Fig. 3 — Custos operacionais do A.F. em fun¢io da pro-

dugdo (segundo Leckie) (4). Representa-se o excesso

de custos relativos aos verificados num A.F. com

9,75 m de didmetro, 1 750 kg/ton de carga e B.O.l. = go,
em fungdo da produgdo.

A fig. 4, por outro lado, mostra claramente os incon-
venientes de trabalhar abaixo da capacidade 6ptima.

Embora ao longo desta exposi¢do se tenham conver-
tido os custos ingleses em escudos, isto ndo significa que
se considere que os custos avaliados tenham algum signi-
ficado absoluto no caso portugués Eles sdo apenas dados
para ilustrar tendéncias que tém um significado geral.
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b) 30°/, de minério calibrado (9,5-25,4 mm)
c) 475 kg de coque/tonelada, de alta resis-
téncia mecinica para manter a permeabi-
lidade, com baixo conteitdo em enxofre
para reduzir o volume de escérias (250-
-275 kg esc./ton).

2 — Temperaturas de vento mais elevadas

O Fukuyama trabalha a 1.150°C em compa-
ragdo com os 800-1000°C usuais noutras
siderurgias.

3 — Inspecgdo de combustivel

No Fukuyama utiliza-se 28 a 29 kg de
oleo/tonelada para reduzir o consumo de
coque altamente dispendioso.

(n.b. A quantidade 6ptima de coque com
injecgio de combustivel é de 365 kg/ton
com 155 kg/ton de 6leos pesados e 27%
de oxigénio no vento; a melhor proporgao
sem injec¢do de combustivel é 465 kg/ton).

4 — Alta pressio na goela.
O Fukuyama trabalha a 1,8-0,5 kg/cm® e
uma pressio de vento de 2,6 kg/cm®.
(Na U.R.S.S. usa-se mais alta pressdo para
permitir maiores quantidades de vento sem
o perigo de criar chaminés na carga).

5 — Controle térmico do forno por:

a) volume de vento (resposta rapida)
b) adi¢io de vapor de é4gua ao vento
(resposta lenta)

Fig. 4 — Encargos na producio de ferro (segundo Le-
ckie) (7). Apresenta-se o excesso de custos de funcio-
namento e custos fixos relativos a instalagoes A.F.
e sinterizagdo, trabalhando em condigoes
de capacidade 6ptima,
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¢) adi¢io de oxigénio para permitir o
uso de mais dleo.

Um indicador denominado indice de Produgio
do A.F. (B.O.l.) dado por:

P(B 4+ 10)
72 (D — 10)

B.O.I. =

P é a producio em ton/dia, B o peso
da carga em cwt/ton ferro e D o
diimetro do cadinho em pés,

em que:

tem sido usado para comparar a produgdo de
vérias unidades, quando compensadas na dife-
renca de dimensdes e tonelagem de carga. O
Fukuyama atinge um indice 128 enquanto em
muitos casos se considera j4 bom um valor de
70 a 80. Nesta base, parece valer a pena inves-
tigar, variando as condi¢Ges operacionais, para
aumentar a produtividade antes de considerar
um posterior investimento de capital. Poder-se-a
talvez aumentar de 50"/y uma actual producio
com um dispéndio consideravelmente menor que
o exigido por uma nova instalacdo. De facto
entre 1950 e 1962 as instalagoes NKK Kawasaky
aumentaram a produgio de cada um dos seus
fornos de 6,9 m de 600 para 1300 ton/dia.

Nova aparelhagem acessoria podera ser também
um investimento rentavel, como por exemplo,
para:

a) analise dos gases da goela

b) medi¢ao da temperatura das paredes

c) medigdo da pressio para avaliacio da
permeabilidade

d) analise do «stockline profile»

e) analise continua da carga

f) controle por computadores para maximizar
a produgdo, reduzir o consumo de coque e
melhorar a qualidade do produto.

2.2 —Redug¢do directa

Os processos de redugdo directa merecem
analise cuidada pois podera em breve ser possivel
utiliza-los economicamente para mais baixos niveis
de produgdo que os dos processos convencionais.
Dailey (5) sugere mesmo que os custos fixos de
produgdo combinada de ferro e ago podem ser
30 a 40"/p mais baixos do que para o alto forno
e via B.O.F., e os custos de produgio inferiores
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em 5% para uma capacidade de 3000000 de
toneladas.

Serd possivel usar ferro de redugio directa
de 3 modos:

1 — Como carga de alto forno, para aumentar
a produgdo, particularmente quando outras
unidades estio em reparagio ou ha uma
pressdo temporaria da procura.

2 — Como carga para fornos de arco. Nas dis-
cussoes do centenario do «Iron and Steel
Institute»,* em Londres, Mr. Ascough da
B.S.C. Colvilles (6) sugeriu que, com a
energia a 0,0204 esc./kwh e o ferro de
reducdo directa a 700-800 esc./ton, esta
aplicagdo seria economicamente atraente
para 0 Reino Unido. Mr. Mekenzie da
B.S5.C. Midlands Group indicou nessa
altura, contudo, que na sua opinido um
preco de 2050 escudos seria mais realista.
Obviamente a discussao acerca das pers-
pectivas econdmicas do processo continuara
por longo tempo mas podemos jé referen-
ciar que os tempos entre os vazamentos
podem ser consideravelmente reduzidos por
adopcdo de uma alimentagdo continua a
«pellets» (7). Isto porque se podem usar
maiores niveis energéticos utilizando uma
camada de «pellets» para proteger os
refractarios (fig. 5).

3 — A terceira mais importante aplicagdo para
o ferro de redugdo directa pode ser na
forma de pd. Haveria redugdes muito
significativas na energia necessiria para a
produgdo de banda se, tanto:

a) o sistema de redugdo, sinterizagio e
laminagem da Fundagio de Pesquisas de
Ontério (8), como:

b) um sistema de laminagem directa do
po,

se tornarem economicamente vidveis. Isto
depende em grande parte de uma reducio
muito consideravel do custo do p6 de ferro.

* Neste encontro foi apresentado uma série de exce-
lentes artigos de revisio que cobriam todo o campo de
Tecnologia do ferro e ago, razdo por que lhe é feita fre-
quente referéncia. Estes artigos estdo publicados no exem-
plar de Junho de 1969 do «Journal of the Iron and Steel
Institute».

TECNICA N.393-400

Uma aplicagio mais imediata do pé de
ferro de redu¢io directa pode ser a pro-
ducio de esbogos forjados, requerendo ape-
nas um limitado grau de consolidagdo na
forjagem.

Toda a carga fundids
N
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oca /i perigdo ae
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refinagao continua
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Fig. 5 — Comparagdo dos tempos entre sangrias na
fusdo em forno de arco para cargas de sucata e esponja
(segundo Sibakin, Hockings e Roeder) (7).

3. ACIARIA

Actualmente os fornos de soleira basicos fabri-
cam ainda a maior parte da produgio mundial
de ago, mas esta percentagem ji baixou do
maximo de 80°/o para 55°/o, enquanto a produ-
¢do pelo processo L.D. cresceu para 25°, e a
respeitante aos fornos de arco para 15°,. Pro-
vavelmente estas tendéncias manter-se-3o e assim
dedicaremos a nossa atengdo aos processos
basicos usando oxigénio e fornos de arco.

3.1 —Aciaria B.0.F.

Este processo desenvolveu-se muito rapida-
mente, especialmente no Japdo, onde 2/3 da pro-
dugido total de ago sio presentemente obtidos por
esta técnica. A dimensdo dos fornos tem vindo
a aumentar, de modo que temos hoje fornos de
300 toneladas de capacidade com tempos entre
vazamentos inferiores a 50 minutos. Isto signi-
fica que um conjunto de irés fornos B. O.F. pode
produzir cerca de 4,5 milhdes de toneladas de
ago por ano. A percentagem de sucata carregavel
no convertidor L.D. esta geralmente entre 17 e
30%0. Esta quantidade é inferior as disponibilidades
de sucata em muitos paises desenvolvidos tais como
U.S. A, (44°/,) e U.K. (47°/,), levantando-se a
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necessidade de usar fornos eléctricos para fundir a
sucata disponivel, pois esta é relativamente barata
quando comparada com o ferro obtido no alto
forno. A figura 6, obtida de um artigo de Mar-

Yo lnl S - = - -
|

50 B0

Parcertagem de metal turdido

Fig. 6 — Custos da produgio de ago em fungdo da quan-
tidade de metal fundido usado (segundo Marshall) (g).

shall (9), pée em evidéncia o modo como os
custos de produgdo do a¢o dependem da percen-
tagem do metal fundido usado e das dimensdes
das unidades.

Tal como na produgio de ferro, uma das preo-
cupagdes actuais é obter um melhor controle do
processo B. O.F.. Este objectivo pode alcangar-se
por um aumento de automatiza¢do do processo
usando informagdes obtidas por monitoragio do
volume de oxigénio fornecido, temperatura,
volume e anilise dos gases de escape. Os instru-
mentos de medida precisam ainda de ser melho-
rados para uma medi¢do continua da temperatura
e do conteido em oxigénio do ago.

Estdo a desenvolver-se métodos para a produ-
¢do de agos de carbono médio usando técnicas
de descarboniza¢io. Estas dependem da obtencdo
de curvas reprodutiveis de descarbonizagio
e Meyer (10) mostrou que isso é possivel se pre-
viamente se obtiver um equilibrio entre a oxida-
¢do e descarbonizagido do metal na emulsao esco-
ria-metal-gas. No mesmo artigo Meyer mostra
que é possivel produzir ago inoxidavel num con-
vertidor L.D., embora a produgdo potencial
do método seja ainda muito grande para a pro-
cura.

3.2—Fornos de arco

Estas unidades estio também a ser construidas
com diimetros muito maiores, até 7,2 m, e capa-
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cidades de 180 toneladas. O rendimento destes
fornos ¢ cerca de 90 '/u e o tempo de operagdo
inferior a 4 h (10). Por exemplo, o conjunto
em elaboracio em Templeborough, de Steel Peech
and Tozer, tem 4 unidades de 135 toneladas cada
e 2 de 180, produzindo 1,5 milhdes de toneladas
anuais de aco com um consumo de energia
de 520 Kwh por tonelada.

Para obter produgdes elevadas deve fazer-se
o possivel para minimizar as demoras. Isto
envolve :

1 — um controle muito cuidadoso do enfarda-
mento de sucatas e carga;

2 — programagdo de poténcia a fornecer condi-
cionada pelas restricdes maximas da pro-
cura;

3 — utilizagdo do oxigénio do modo mais efec-
tivo ;

4 — melhoramento dos materiais para eléctro-
dos e das técnicas de manuseamento ;

5 — cuidado na especificagdo e manutengao dos
refractarios, usando um programa estudado.

As tendéncias futuras orientam-se no sentido
da utilizagio de fornos de mais alta poténcia,
usando mais elevadas razoes de transformacio,
seja, 75000—100000 KVA, que devem dar
origem a maiores velocidades de fusdo, até
70 ton/h. Se os pregos para a obtengdo de «pel-
lets» se tornarem razoaveis, serdo provavelmente
utilizados como carga continua para aumentar
a velocidade de producio. Foi sugerido (11) que
uma carga de 60 /y de «pellets» e 40 ?/y de sucata
seria uma combinacdo razodvel, na medida
em que ¢ necessario usar sucata proveniente
de fabricas e sucata proveniente do mercado
a preco razoavel. O futuro dos fornos de arco
parece bom, particularmente no que diz respeito
a possibilidade de obter energia mais barata
de origem nuclear. Se esta previsio nio for
totalmente realizavel, alguns produtores consi-
derardo possivelmente a hipotese de usar quei-
madores a gas ou Oleo no periodo de fusdo.
Os custos de produgdo para um processo SLRN
e forno de arco foram estimados em 870 esc./ton
para uma produg¢do anual de 1,5 milhdes de tone-
ladas.
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3.3 — Novos processos

Uma série de processos de aciaria continuos
tais como: 1) «Spray Steelmaking process»
da BISRA, 2) o processo IRSID ou 3) o pro-
cesso WORNER que estdi a ser experimentado
em Rio Tinto, estdo presentemente a ser apre-
ciados.

Todos estes processos se baseiam no aumento
da drea de contacto entre o banho metélico
e a escoria em presenca do oxigénio, o que se pro-
cura conseguir de diferentes modos. No pro-
cesso BISRA desintegra-se uma corrente de metal
liguido por jactos de oxigénio e cal. No pro-
cesso IRSID injecta-se oxigénio na superficie
do banho metdlico contido num recipiente
e obriga-se a emulsdo escéria-banho a escorrer
sobre um dique para um recipiente de decanta-
cdo. O processo WORNER utiliza um tanque
comprido onde o banho e a escéria circulam
em contra corrente. Fazem-se incidir jactos
de oxigénio sobre a superficie de modo a formar
uma emulsio na parte do forno que constitui
o reactor propriamente dito.

Muito ha ainda para fazer no desenvolvimento
de métodos adequados de controle para estes
processos. Num futuro ainda distante parece
vidvel que o processo continuo sera usado para
o grosso da produgdo de ago, mas ndo parece ter
suficiente flexibilidade para o pequeno produtor.
Num futuro mais longinquo deve dar-se atengao
a possibilidade de wusar energia nuclear na
producio de ago. O Prof. Antonio Antonioli (6)
descreveu um projecto de estudo em que a E.E.C.
esta envolvida, para uma instalagdo usando 1/3
do calor fornecido por um reactor nuclear refri-
gerado a gis para uma redugio directa, possivel-
mente num reactor de leito fluidizado, usando
gas natural, sendo os restantes 2/3 para produzir
energia eléctrica destinada a fornos de arco para
produgdo de ago a partir do ferro de reducdo
directa.

4. PROCESSAMENTO DO ACO

As duas modificagbes mais importantes neste
campo tem sido o desenvolvimento de unidades
de grandes dimensdes para desgasificacio em
vazio e vazamento continuo.

TECNICA N. 359-400

4.1 — Desgasificagdo em vazio

A desgasificacdo em vazio é presentemente
mais significativa na produgdo de agos ligados
para remogdo de hidrogénio em grandes lingotes
e controle de inclusdes (fig. 7 e 8) (12).

Fig. 7 — Desgasificagio em vazio no vazamento
para o molde.

De acordo com Holden (13) os custos sio da
ordem de 28 a 70 esc/ton. Alguns produtores
estio a comegar a encarar as técmicas DHHU

3 2 3 PO
Hidrogénio mif1oogm
Fig. 8 — Contetido em hidrogénio obtido durante a des-

gasifica¢dio em vazio (segundo Speith, von Ende
e Pfeiffer) (12).
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e RH (fig. 9 e 10) como fornecendo um novo
estigio na desgasificagdo e ajustamento da
composicdo na produgio do ago (fig. 11 e 12)
(14 e 15). Este novo processo parece ter impor-

Desgasificagao DH

Tremonha dos
elementos de

liga Vazio

,Elemento de aquecimento

Camara de vazio

FFig. 9 — Representagio esquemética de uma unidade
de desgasificagio D.H.

tincia para o grosso da produgdo de ago, no
desenvolvimento de substitutos de ago eferves-
cente para vazamento continuo. A Companhia

Desgasificagao R.H

_‘%' Adicao de elementos de liga

Vazio

Elemento /
de o
aquecimento

Camara de
vazio

Salda de gas

Fig. 10 — Representacio esquematica de uma unidade
de desgasificacio R.H.
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Fig. 11 — Desvio das condigdes de equilibrio na reacg¢io
carbono-oxigénio verificadas em vérios processos de
aciaria (segundo Pearson, Venkatari e O'Hanlon) (14).

de Ac¢o de Wales est4 ja a instalar uma unidade
DH que tera uma capacidade de 1000000
ton/ano.
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Fig. 12 — Desvio das condigbes de equilibrio nareacg¢io
carbono-cxigénio nas operagtes de desgasificacio em
vazio (segundo Sieckbert) {15).

4.2 —Vazamento continuo

Ha economias evidentes no vazamento con-
tinuo por causa do aumento de produgio e
eliminacdo dos fornos «pits» e trens de lami-
nagem primarios. Presentemente existem cerca
de 300 unidades na indtstria do ago, algumas
das quais permitem manusear 200 toneladas de
aco de cada vez. Algumas unidades trabalham
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