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Convergence of finite element solutions in

viscous flow problems (') *

Convergéncia do método dos elementos finitos

aplicado aos escoamentos viscosos

RESUMO

Resumem-se primeiramenta os resultados de uma
teoria dos métodos variacionais cuja utilizagcao permite
a andalise da convergéncia do método dos elementos
finitos aplicado ao escoamento de um fluido viscoso
regido pelas equacoes de Navier-Stokes. O método em-
pregado requer a decomposicao do fluido em dois corpos
mais simples: um fluido viscoso sem inércia e um
fluido com inércia mas sem viscosidade. Apresenta-se
para este Ultimo um novo principio de minimo.

INTRODUCTION

The problem of the convergence of finite element
approximations has been considered by the author in
several papers, e.g. Reference 1, connected with struc-
tural analysis.

In a more recent paper,2 a theory of variational
methods is presented, general enough to cover any non-
-linear, non-structural cases for which a minimum prin-
ciple is known to exist.

E. R. DE ARANTES E OLIVEIRA (2)
Departament of Civil Englneering,
Technical University of Lisbon,
Lisbon, Portugal

ABSTRACT

Results of a theory of variational problems are first
summarized. The theory is then applied to the analisys
of convergence of the finite element method applied
to the tlow of a viscous fluid governed by Navier-Stokes
equations. The approach requires the decomposition of
the body into two simpler ones: a viscous non-inertial
fluid and an inertial non-viscous one, the mechanical
behaviour of which is governed by minimum principles.
A new minimum principle is presented for the inertial
non-viscous fluid.

It will be shown along the present paper how
such theory can be applied to the discussion of the
convergence of finite element approximations in viscous
flow problems governed by MNavier-Stokes equation.

The trouble with Navier-Stokes equation is that
it cannot be associated with a variational principle in-
volving only the velocities, although a variational prin-
ciple can be found for the system formed by Navier-
-Stokes equation and its adjoint equation.® Such a prin-
ciple cannot be of much help for proving convergence,

{1) The research reported in this paper was supported by Instituto de Alta Cultura, Lisboa (Projecto TLE/4).

(2) Professor.

{*} {Publicado pela primeira vez no winternational Journal for Numerical Methods in Engineerings, Vol. 9, 739

— 763, 1975).

(*) First Published in tha «International Journal for Numerical Methods in Engineerings, Vol. 9, 739 — 763 1875},
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however, because it is not a minimum principle as our
theory requires.

Fortunately, however, the theory can still be ap-
plied to complex models not governed by global mini-
mum principles if such models can be shown to result
from the combination of simpler models each of which
is indeed governed by a minimum principle.2

This is precisely what happens with a fluid flo-
wing in accordance with Navier-Stokes equation, as
we can consider it as resulting from the association
in parallel of two simpler bodies: one with viscosity
and no mass (viscous non-inertial flow), the other with
mass but no viscosity (inertial non-viscous flow). Such
association is schematically represented in Figure 1.

The minimum principles of the theory of viscosity
permits discussion of convergence in the first case.
A principle closely connected to Hamilton’s principle
of Mechanics permits discussion of convergence in the
second case.

The main results of the theory will be summarized
in the next section. Its results will be applied to the
viscous non-inertial flow case in the section ‘Viscous
non-inertial flow’ and to the inertial non-viscous flow
case in the section ‘Inertial non-viscous flow'. A theo-
retical investigation of how the results obtained in the
sections 'Viscous non-inertial flow’ and ‘Inertial non-
-viscous flow’ can be used for the discussion of con-
vergence in the general case of the inertial viscous flow
will finally be presented in the section Viscous iner-
tial flow’.

RESULTS OF THE THEORY OF VARIATIONAL
METHODS

Let X be a Banach space and let ¢ be a continuo-
us functional on X which is assumed to be minimized
on a given subset(C' = X by an element s € C.

Our basic variational problem consists in the de-
termination of such a minimizer, s, which is called
the exact solution.

s is assumed to be a critical point of ¢ on C. The
first and second Fréchet derivatives of ¢ are supposed
10 exist at s and the second derivative of ¢ to be a
positive definite operator,

Non-viscous

%IJZ Inertial

M=0 le—h"erhol

Figure |

F
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A projection operator B, which may be called an
inter polation operator, is considered which makes any
element x € X correspond to a certain element x' of
a subspace X\ < X,

Let (" = X' be the set of all the B-images of the
elements of C. It is assumed that an element s, e ("
exists which minimizes ¢ on (. 5, is called the appro-
ximate solutior.

The approximation theorem? states that a metric
can be introduced in X such that, if infinitesimals of
higher order are neglected,

d(s, s,) < d(s,. sp)+(10,0] +10,0]) (1)

where s is any element of C such that

s, = Bls,) 2)

and
O = @(s)—(s) (3)
0,0 = @(s,)— ols]) (4)

C’ does not generally belong to C. If it does, as
in the case of Ritz's method, operator B is called con-
forming.

In the conforming case, 5, can be chosen to
coincide with s'r, and inequality (1) becomes simply

d*(s, 5,) < |0, (5)

Now, it can be shcwn? that, as s'e C.
Sy = d*(s, 8). (6)

if infinitesimals of higher order are neglected, so that
iel y ; _.
(8} ylelds dis.s)) < d(s.s) (7)

Inequality (7) means that, in Ritz's method, the
approximation error is bounded by the interpolation
error.

In the more general case of the finite element
method, C’ is not a subset of C, so that the use of
inequality (1) is required in the discussion of conver-
gence.

VISCOUS NON-INERTIAL FLOW

The equations of the linear theory of viscosity may
be obtained from those of the linear theory of elasti-
city just by replacing strains and displacements by rates
of strain and velocities. We have then

o~ pi+pf; =0 (8)

& +366;, = 20+, 9)
a;rj = 2,(:.'55 (10)

p= —ké (11)

TECNICA 432



The stress and the strain rate tensors are decom-
posed into their isotropic and deviatoric terms accor-
ding to

0y = oa_P‘su (12)

The domain A is assumed subdivided into sub-
domains A"

The boundary of each subdomain A® is denoted
by Be and the external boundary of A by B (subdivided
into B, and B,). The internal boundary of A is denoted
by I'.

The boundary conditions on B are

a;; = am—pn; =6; on B, (14)
v; =9 on B, (15)
where o ; denotes the component j of the traction vector.

On the internal boundary we assume
Jl'++dl"_ =0 116]

i (17)

where indices + and — denote each side of the inter-
nal boundary. The first equation means that no external
forces are distributed on [ and the second that the
velocities are continuous across the subdomain boun-
daries.

A pair of stress and strain rate fields connected
by the stress-strain rate equations (10) and (11) will
be called a viscous field (or simply a field along the
present section).

A velocity field connected with the strain-rate field
through the strain rate- velocity equations can of course
be associated to each viscous field. Such a velocity
field, however, presents 6 degrees-of-freedom wich can
be eliminated only if adequate velocity boundary con-
ditions are given on B,.

The elements of space X are in the present case
all the viscous fields on A. The norm of an arbitrary
element y e X is given by

x|l = (;J.

Two minimum theorems appear in the theory of
viscosity which correspond to the minimum total poten-
tial and total complementary theorems of the theory
of elasticity.?

The complementary energy approach will not be
considered in the present paper. The functional ¢ is
therefore the functional involved in the first theorem,
i.e, the total energy dissipation rate

&y dA") \/(z (EET+€%) dA")

(18)

TECNICA 432

w=Y [% [ (o) &l,—pe) dA* — f pfie dA
Jye -
- ' ﬁiri dB'I\’ (1‘1“
C AR,

The variational principle is an Eulerian one, i.e.,
the exac: solution makes the first Eulerian variation of
¢ equal to zero on the set of all the viscous fields
which satisfy equations (9), (15) and (17).

The subsei C — X is thus the set of all such fields.

Let us consider now a decomposition into finite
elements cor.esponding to the subdivision into subdo-
mains and let a set of points on the internal boundary
bo selected as nodes.

Let the elements of X’ be fields which satisfy
equations

U = YAUix (20)

G
Cij = XijpnUn (21)

within subdomain Ae.

Index N denotes a general node of the system
and v;y the nodal values of functionst;.

The elements of C’ are the elements of X’ which
satisfy the bounda.y condition

Uiy = I_‘-{.\l t::}

for nodes located on B,.
The discrete equation which represents the condi-
tions for ¢ being stationary on C’ is
-
Minastig = iy (23)
where

My = EJ L21srsin Lrsin — (.:\ﬂ + KL ssin] dA”
(24)

fv= Y [J Wsof, dA® +J 4G, dB* (25)
BerBy E

Considering the results obtained for the elastic
case in a previous paper,? it is easy to conclude that,
if x is an arbitrary element of X, x' is the B-projection
of x in X' and | is the largest diameter in the whole
set of subdomains A®;.the variation of ¢ from x to x .i.e.,

dp = o(x')—p(x) (26)

is of the order of I"* ' il

(i) n is the degree of the highest degree complete
polynomial with arbitrary coefficients contained in any
of the expressions of the right-hand sides of (20) e&nd
(21).

(ii) all the derivatives of the velocities and strain
rates associated with x, with order n + 1 or less, are
bounded within each subdomain Ae°.
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The distance (s, 5,) between the exact and the
approximate solution is of the order of "' 1) if con-
dition (i) is satisfied and condition (ii) is also satisfied
both by the exact and approximate solutions* (whate-
ver the value of /).

In case of conformity, (5) holds true and, there-
fore, dl(s,s,) is of the order of [""*!)2 whenever con-
dition (i) is satisfied and condition (ii) is also satisfied
by the exact solution s.

INERTIAL NON-VISCOUS FLOW
Equations

In absence of viscosity, the stress tensor g;; is isotro-
pic, i.e.,

a,; = — PO (27)

where p is the pressure.
The equilibrium equations become therefore

pii+p, = pf, (28)

wharol,ﬂ' denotes the body force density.

These 3 equations involve 5 unknowns: the three
velocities, the pressure and the density /.

The two equations which are missing are the con-
tinuity equation (density-velocity equation) and the
equation of state (pressure-density equation).

The continuity equation can be derived from the
condition

d
: dA) =0 (29
d”p ) }
which expresses the invariance of mass.
As
d (d/d1)(dA) . du .
= - - = fi = 'Y dA
dr(dm aA dA = div 7 dA = divy
(30)
(29) yields
d
d—fdmpdiwdA:o (31)
and, therefore,
‘:'j-‘: +pdivy =0 (32)

which is the Eulerian form of the continuity equation.
Another formv of (32) is
r.-'p . 11

—+divpy =0 (33)
cl

Let us consider now the equation of state.

We start by assuming that no mechanical energy
is dissipated into heat, and writing that the variation
of the internal energy contained within an element of

mass dm is equal to the work done by the external
forces, i.e.

dedm) = —p o(dA) (34)

wheie e is the internal density.
By virtue of the invariance of mass (continuity),
(34) vyields

d |1 <o
oedm = —pﬁ{ m) = —po(-) dm (35)
P It
and, therefore, the equation of state
de s
) = — 16:
£ d(l/p) .
or?
,de i
J =

Density e is admitted to be such a function of p
such that the continuity of p implies the continuity of .

If the domain A is decomposed into subdomains
A°, the exact solution is supposed to satisfy the equati-
ons (28), (32) and (36a) within each subdomain As,
the external boundary conditions

) 1
P (P} on B, (37)
P P

r.=r on B, (38)

(39a)
I‘n = I.n [4(”

on [,
As the continuity of p implies the continuity of p,
equation (39a) implies

o =0

which is analogous to (37).

U,denotes the normal component of the velocity
at a given point of the boundary. Equation (40) supposes
that the positive sense of the unit normal vector at each
point on [ is defined (from — to +, for instance).

(39b)

A set of a velocity field, a pressure field and a
density field will be called an inertial field (or simply
a field, in the present section).

A displacement field with components 1, such
that

e (41)

* It can be demonstrated that if condition (i) holds and the so-called “patch test’ is passed by the system of elements,

condition (ii) will be satisfied by s,.

142
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can of course be associated to each inertial field.

An inertial field will be termed continuous if equa-
tions (32) and (36) are satisfied within each subdomain
A¢ and equations (38) and (40) are satisfied respec-
tively on B, and on [ .

Variational principle

Different variational principles have been presen-
ted by several authors®%¢ for the case of non-viscous
flow.

Such principles can be classified into Eulerian or
Lagrangian, according to which kind of variation of the
functional is made equal to zero.

This classification of the principles into Lagrangian
and Eulerian cannot depend of course on the functional
being expressed in a Lagrangian or Eulerian form be-
cause although some expressions are more naturally
written in one of these forms than in the other, any
expression which is written in Lagrangian form can also
bo written in Eulerian and vise versa.

Now, the problem of integrating equations (28),
(32) and (36) over a fixed domain A is an Eulerian
problem in the sense that it considers at each instant
the portion of the fluid actually contained in A and
does not follow in time the motion of a definite mass.

It seems thus in accordance with the nature of
such a problem that the functional to be made statio-
nary has a natural Eulerian expression, involving inte-
grals on A of Eulerian functions.

This does not mean, however, that an Eulerian
principle, like Lin’s principle,” has to be used, because,
as pointed out above, what makes a principle Eulerian or
Lagrangian is the kind of variation which is made equal
tc zero and not the expression of the functional. In
other words, a Lagrangian principle can be associated
to a functional whose natural expression is Eulerian.

A Lagrangian principle can will be used therefore
which has the advantage over Lin's principle of not
involving Lagrangian co-ordinates as constraints.

The functional is

- f (T—V)di (42)

where

¢ A
= s ZJ. fixip dA® + J (E) x,p dB (44)
o Wae B, \P

T is the kinetic energy and V performs the role
of the total potential energy, so that the principle is
closely connected to the classical Hamilton principle.
E is the internal energy. x,denotes Xt

Our variational principle states that the exact solu-
tion of equations (28), (32), (36a) and (41) with initial
and final conditions

TECNICA 432

(45)

“i{lll = Hi-{!l]

ulty) = ult,) (46)

p(ty) = plty) (47)

plty) = plis) )

and boundary conditions {37)—(40) makes ¢ stationary
or, more precisely, makes the Lagrangian variation of
¢ equal to zero on the set of continuous fields on A
which satisfies (32), (36a), (38), (40), (41) and (45)—
—(48).

The fact that variation is Lagrangian and continui-
ty is preserved implies

bv, = & . (49)
5(p dA?) = 0} within A€ (50)
ov, =0 on B, (51)
vy =év, =év, on T (52)
Also, by virtue of (45)—(48),
oufty) =0 (33)
oulty) =0 (54)
oplty) =0 (55)
dplty) =0 (56)

The Lagrangian variation of the kinetic energy is

3T = ZJ. dpr; dA) = Z[J‘

+ I Lol )p dA® :| LI 3 o(re)p dAY =

st d(p dAY) +

= ZJ pr;dv, dA = ) '[ pr; o, A=
e Jae ¢ Jae

d : - @
= — Z .[ pr; ou; dAY— Z ou;—(pr, dAY)  (57)
dr o Jae e Jhe AL
By virtue of (29),

d{p dA®)+6,p dA® =

d
~(pv; dA®
(plr ) id

= b dA®,  (58)

there results

pu; ou; dA® — Z

e vYA*

ou;t;p dA” (59)

o
YT = —
T=qz],
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On the other hand, using (36b), we obtain

i‘E" = :5 [ op dAl = J‘ ()_t_’pdA" +JA ¢ ()_[ﬂ dA"}
- A g

o AW

- ﬁ’
. dep dAY = [ f.{- op pdA” = 'f £ op dA" (60
) «p

iy Jae Op
and, as (32) yields
op+pdivou = 0, (61)
there results
3 " ep dA® = —J‘ pdivoudA” = —
: -

o g

= ' div (p ou) dA“+ J‘

L "

grad p . ou dA”

A

=== v[ p ou, dA® +J grad p . du dA" (62)
h AY

As, by virtue of (49, (51), (52), and also (45)
and (46),

ou, =0 on B, (63)

ou, =ou, =déu, on I (64)

we can write

- -~

3 me,.dB"’J (p —P"f"”»d”[ Pl es
1

- Ve Ja,
(65)
and, therefore,
Sk = AEJ ep A’ = _J pi du; dA” 4
C A® v 1ig
+| (p*—p ydu,dr- ’ pou, dB (65)
L | o H
Considering that 8x; = du;
0 ‘ fixpdA* = J f; dup dAY +
J v
-+ ‘ f‘H{- ()I{;JdA"I = I ,-" rSI.“,’ile' (67)
o g o g
© (p) © (p)
A J x,pdB = J ou,pdB+
B \P a \P
+ , u, dlpdB) = J ou,pdB (68)
i, P B AP
Introducing (59), (66). (67) and (68) into
op = j - (0T —ob)dr. (h9)

LN

144

we obtain finally
. A d T .
o= [3fg rosuss)-

vy

-2 ' (PEi+p = pfy) ou, dA
v Jae

| [P_
B LP

(p)J ou,ndB, —j [(p"—p )ou,dl'| di
P I

(700)

By virtue of (53) and (54),

' TJ pr; o, dA"] dr =

Jdi\%

= T'J- ”l'in‘“‘.dﬂ"’ = [} |?“

.._" A® Ay
and thus
dp = J‘ [Z [ (pf; = pi;—p ) ou, A" +
Iy ¢ YA

+| [P_(f”)]m,ﬂdg_f (p'p mu,,dr] dr (72)
S I G o I

Equations (28), (37) and (39a) are therefore the
necessary and sufficient conditions for functional ¢
becoming stationary.

In what conditions will the variational principle
which has just been introduced be a minimum principle?

A similar discussion has been made for Hamil-
ton’s principle (see, for instance Reference 7, pp. 651 —
—667) and could practically be repeated for the pre-
sent case.

The essential result of this discussion is that the
principle is a minimum principle if t, — t, is sufficien-
tly small.

Indeed, we obtain from (72)
(6%p), = J‘ {ZJ - |:‘:51’*i Jui+:)'(&") (Su,]p dA +
[ € AF p
+j J(E) du,p dB—J' (0p" —dp ) du, dI’ d:} (73)
8 \P r

where s denotes the exact solution.
But

o (s S
—ob; ouy = — ai(f)l.'i ouy) +ov; o, (74)
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and thus, by virtue of (53). (54) and (29).
a3 2
(0%¢), = J EJ. p o, dr; d,ﬁ"df-lf-j. [E -
y e Ar By v
- v p.i g ¢
o =] dup dA® +
Jxe N P

+J. ¢S(P)ét1npd8—j. {a‘)p"'—fip"}éu,,er dr (79)
B, \P I

Considering (63) and (64), we can write

LI a(z) oup dB+L ["(E) —5(%) ] baiite

ﬂzj 0(3) du,p dB* (76
e YA P

By virtue of (36b) and (61),
(P 5 de de P d?e 5
) — = —_— — — — =

£+d_zt'(5 = +3d2{'@
el Lol LAy e

=p

= — (p+ ;13:—;:;) div du = (p— pjﬁ) div ou (77

so that

fa(ﬂ) 6u,,de"=J. (p——pd—p) div u ou, d B¢
e \P ~ dp
(7%)

On the other hand,

pa{‘ﬁ} = 6p,+p,divou = (@ 8p
P dp

+p;divou

d
= —(pfdivéu) +p,;div ou (79)

so th
" o P’i) oup dA® J. (pdp div 51.1) ou; dA®
= i) 8y = o =
JAe \P ae | dp d :
_.J. p.; div ou du; dA®
A®
= J. (p%div ou 5:.;,-) dA"*j. p%(div du)? dA® —
Ae P i ae dp

— | p,div du du, dA®

Ae
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= pg—f) div dou du, dB"—j

B*

d
p d—z{div Su)? dA° —

-—'[ p.; div ou du; dA” (80)
A

Introducing into (75), there results :
12 £
|<i'j'(.0]_\ = J Z J. I ()‘{"- fﬁl'i dA“ di + " =
iy & A v

=5 [J. ( —grad p. ciu—pd—‘n div tiu) div ou dA’
e Ldae dp

o

~

+J ‘p ou, — p(—”-]- (iu,,} div ou dB":| ds (81)
Be d't?

It will be shcwn now that the first term is of lesser
order than the remaining ones so that, as such a first
term Is always positive, (3°¢), is also positive if t,
— t, is sufficiently small.

Indeed,

ouilt) = ouylt )+ (r— fijci:i,-{rlwl--f- _22-'-]--6&;{.' ) 18D

where t; < t' < t and thus, by virtue of (49) and (53),

) ) Fbg) e )
ouyt) = {I—I,J()r'-{r,]+l -ii—():!,-[r ) (8.4

On the other hand,
ori(t) = vt )+ (r—1t,) v (t") (N4

where t, < t* < t.
Multiplying (84) by (t—t,) and subtracting from

Sugt) = (t—1t) ov 1)+ (1 —t)*[3 05t)— ot 1) (85)

Assuming that the fields of the class on which
the functional is made stationary have bounded acce-
lerations, the last term in the right-hand side of (85)
is of order higher than the order of the first so that
we can write

ou; = (t,—1t,)0(or)) (86)

Assuming that the unit volume expansion is also
bounded for such fields,

o(divu) = O(oijul)) (87)
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U:M":M‘ Pum

and then
r 12
g ssn» [ -
wiy ¢ AT Iy e

-

dp I s ;
l oo (divou)” dAY 4 I tdiv ou)ou, dB” | di
J A dp S

(8N)
It becomes clear that

(dFp), > 0O (N

whenever |dv| > O and (t, —t,) is sufficiently small.

Assume now that such a small interval of time in-
creases and reaches a critical value above which (3 ¢,
ceases tc be positive.

For this critical value (d°¢), = 0, which means
that several different motions are possible and that the
motion becomes unstable.

In other words, if the location of the fluid parti-
cles is prescribed for t = t, and t = t,, the motion is sta-
ble if t,— 1, is sufficiently small. If t, —1t, increases,
the motion may become unstable. The important point
is that (d¢), can become negative only in case of ins-
tability.

It must be added that, although this conclusion
seems to be quite reasonable, an investigation on the
connection between the sign of (f"i*‘(p:-lH and instability,
in particular cases, is certainly lacking and should be
made in the near future.

Discrete equations

Let us consider the body decomposed into Eulerian
finite elements corresponding to the subdomains Ae.

Although our analysis could be adapted to elements
with other shapes, it is assumed in the sequel that such
elements are tetrahedral.

Two kinds of nodes are considered: the vertices
and points located on the edges of the tetrahed:a. The
generalized displacements and velocities are ascribed to
the veitices. The generalized densities are ascribed both
to tho vertices and to the mid-edge nodes (Figure 2).

UJN ‘VINQPNN

b A

Figure 2
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u;y Uy and f'xy denote the values of magnitudes

t,.t; and p at node N. p;.x denotes the value of the

density p at the mid-edge node located between the
vertices L and M.

We assume
FAXL L) = PNt (90
Pt = QLX) D) (91)
pix.r) = plxe O (x0T (1) (92)
within Ae,
Function 1//y(X) is assumed such that
WiXy) = Oy (93)
and
X = YnX)xy (94)
As, on the other hand, (41) is supposed to hold,
du; = Yoy (90b)
Function ] ,,(x) ic such that
0% p(Xgs) = Opm.Rs (95)

where &, py Is assumed equal to one if L coincides
with R and M with S, and to zero in any other case.

Magnitudes 7}, are not nodal values of p f. be-
cause the product I/j1//'y, does not take values one and
zero at the mid-edge nodes.

On the other hand, magnitudes 1} ,; are the only
nodal magnitudes which are denoted with index e. This
is duo to the fact that the nodal continuity of 'u‘-. (i
and ;, and not of p/p, is postulated.

The generalized form of the continuity condition
(29) is admitted to be

.. d .
| v (pda =0 (%)

¢ VAT

Proceeding as in (27), we obtain from (96)

> f Wiy
0 AT

‘-1’-'+,,dn \') dA® =0 (97)
dr
and

Zf ul'}',nﬂffif(i.er div w) dA® = 0 (98)
(s AY

Introducing (90a) and (91) into (98) we obtain
the discrete or generalized continuity equation
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diampeProt biLmponProtin = 0 (99)
where
dimpg = 3 YivuPpo dA® (100)
e vA®
bipmron = Z Vivul@po¥i), dA” (101)
@ _\(

We observe that the number of non-trividl indepen-
dent equations in (99) equals the number of nodal den-
sities ppg ., I.e., the total number of vertices and mid-
-edge nodes in the tetrahedron.

Indeed, as the coefficients w; v pp and by ypgy are
symmetric in P and Q, equation (99) does not change
if P and Q are interchanged. On the other hand, all the
equations (99) corresponding to two nodes P and Q,
such that no element exists to which P and Q simulta-
neously belong, are trivial, because the product d;,,lilg .
and thus the coefficients a; ypo and b ypon are then
equal to zero. :

As equations (91) and (92) are not compatible
with the equation of state (36a), it follows that this
equation is not satisfied within Ae.

A generalized equation of state can be established
if a Lagrangian variation

OE" = —| po(dAY)

A®

(102}

of the internal energy of a general element e, corres-
ponding to a Lagrangian variation of the density of the
form

0p = QimlX) 0Py (103
where 0';1,_M denotes a Lagrangian variation of p at node
LM, is admitted to be the same, whether it is computed
with the distribution of pressure yielded by the equation
of state (36b) or with the distribution defined by (92).

In the first case, we have, by virtue of (36a), (50)
and (102),

de de
JE* = -—J 12— (dA°) = .[ dpp dA* =
\‘.’( dp‘ v dp ;
de

(104

In the second case, by virtue of (91), (96) and
(102),

S = = j YW 0 dA'TS =
Ar

=j Vivy op dAy = J Vi Ppo dA* ‘5!’1"0”':‘.&:
A Ae
(105)
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Comparison of (104) and (105) yields

J MWM‘P}Q dA*ni ‘)‘ﬂm =
A*

de n
_I_‘, dpp(pw dA 0ppg (106}

and, as Oppg is arbitrary,

SimreTim = Npolp) (107)

where
gimprg = j Vi @po dA® (108)
AT
de
hl‘ o=y = € e [$
PQ(”} J‘Av dﬂp(pPQ dA { ] 0 ))

Equation (107), which contains indeed as many
equations as unknowns 1}, . is the generalized equa-
tion of state for element e.

An important point is that §p given by (103) is
not always a Lagrangian variation of p on the set of
functions defined by (91).

The expression of such variation is indeed, by vir
tue of (90b)

Il

Pis(X) Op prs+ @Rs,dX) Ou; prs
= QRs(X) O Prs+ Qs (XWMX)Pgs Oty

op
(110)

where §pp; denotes an Eulerian variation of p at the
node RS.

The Lagrangian variation of p at node LM is thus
given by

0pim = Prs(LM) dgprs+ @rs ALMWLM)p s Ouy
(111)

which, by virtue of (95), can be transformed into

Opry = OpPry+ @rs A LMW(LM)pgg oy (112)

Introducing (112) into (103), there results

0p = Qiu(X) 0pp pa + QL (X)Pks A LMW A g Ou,
(113)

Comparing (113) with (110), there results that,
in order that the two expressions of &§0 be the same, it
is necessary that

PrsXWNX) = @ pX)@hy (LMW LN (14
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This means that each function @k (XJi(X)
must have the same distribution on A® as the density p
(see (91)).

Such a condition can easily be satisfied as we are
going to show.

We observe that, considering the number of verti-
ces and mid-edge nodes, magnitude 1, can be given
an arbitrary linear distribution, while p and p/p can each
be given an arbitrary quadratic distribution, within Ae,
Functions (p',;_\-l.\;}‘ will therefore be quadratic, functions

¥ »(x) will be linear and functions i . (xwix) will be
quadratic, which means that @y (X)/y(X) presents,
on A°, the same distribution as p.

Let us make ¢ stationary in the Lagrangian way on
tho set of the disc ete fields which satisfies equations
(99) and (107) and the conditions

unlty) = u,-h.(n-) (115)

uin(tz) = unlt;) (116)
pally) = palty) (117)
pultz) = pulty) (118)

Woc start by determining 8§ T:

0T=0%3 j vivip A" =63 3 J\ Vivp dAv; vy
e A" ¢ AY

= Z 3 J. Wi olp dA ), ;0 + Z J‘ v; ovp dA®
e A e AT
(119)

Considering (96), & T becomes

oT = Z J. vy 51?[- dA* t 1 20)
g~

Ncw as equation (49) is still valid, (120) can be trans-
formed into

0T = ZJ. v, 0v;p dA¢ =
e vAS

d

d .
= E L v; ou; p dA® — ; J;- {‘mia}(cip dA®)

d
=5 3. L v; dup dA® —

- Z_[ dubp dA® — ZJ duy, E!{p daY)  (121)
e A® € AF

As, by virtue of (90a), (90b) and (96),
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.
Z J Uy b“"d}[p dAe} —

4
=¥ [ wivk g daYsuea =0 (22)

we finally obtain

J 8Tdt = [ZJ v, dup dA"J ;j l ZI Su,t,p dA”
1 ¢ 3 LYy e vA®
(

123)

or, by virtue of (115) and (116},

.[ STdr= — jzf Su, t,p dA°

(124)
As
o
oy X ’
‘*=}w_}+'=’-1’ i (125)

equation (124) vyields

1 iz Jr
J. oTdt = — J. ZJ p((_‘—zi-i- l"i_jl"j) ou, dA*
I t; € . o

y
- "'[ (CpontProlin + dipgars Prolintjn Oy di
h

(1261
where
CpoLN = Z Qpo¥ a1 dA® (127)
e vA*
diponmr = 2 | Pro¥n m¥, dA° (128)
e vae

The expression of the internal energy variation can
easily be determined if equations (97) and (98) are
considered. We find

OE =} | Wiy opdAcniy =

€ TA*

=l J' Yalt.p div Sa dA'nt .
e AT

--3

pdivéudA® = — Y J‘ PY . dAY Cuyy
A e YAY

¢ (129)
or
OF = e;y Oty (130)
if we make
ein = — Z Y i A (131)
€ A*

Let us consider finally the terms of V due to the
external forces,
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V==Y | fixpdA+ f (E)x,,p dB (132)
e vYaAr B, \P
We assume f, and (p/p) to be of the form
fi=Uiin (133a)
((?) > 4,-\-_(”) (133b)
P VIRt
within A® and on B, n B“.
Therefore, by virtue of (96).
oV, = — ZJ [ dup dA°+ Z (P] ou,pdB
e AT e B*r B, P
(134)

so that, making

fn=% |: foby dA® HJ (g)qb,‘\"-n,-p dB"]
e A€ BerB, \F

(135)
we can write

o V, = —fin (§!!i,\- (136)

Consideration of (126), (130) and (136) yields

1B
op = J. (— ¢ poniProlin—diponmLP rolint jar +
f

+ ¢+ i) Oy di (137)
The necessary and sufficient condition for ¢ beco-
ming stationa:y is thus

Ppol¢ponitin +diponmiPpoUint jn) — it —fi=0
(13K8)

The number of equations in (138) is equal to the
number of unknowns U;y.

The set of generalized equations (99), (107) and
(138), together with the initial conditions (117) and
(118) and the boundary conditions

tin = Vi(N) (139)
are sufficient for the determination of the unknowns
UinPLm and Ty

Unknowns u;y can be determined from (123) and
tho initial conditions (115) and (116).

We point out that the solution of the discrete
equations (137), (99), (107) and (123), together with
the initial and final conditions (115)—(118) and boun-
dary conditions (138) make functional ¢ stationary
under the conditions (99), (107), (123), (138) and
(115)—(118).

It is important to observe that, as equations (99),
(107) and (128) (or (28), (31) and (36a)) and their
boundary and initial conditions form a self-contained
system which does not involve the displacements, the
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distribution of the wvelocities, density and pressure can
be determined on A without the conceot of displacement
even being considered.

Equations (129) are practically the same as the
ones presented by Oden.®? The continuity equation is
different, however. On the other hand, Oden considers
only one kind of nodes and not two kinds as we are
obliged to do in the present paper.

Order of approximation

The elements of space X are now the inertial fields
on A. The norm of an arbitrary element x € X is given
by

x| = \/[Z (v, +p*+p?) dA"J
2 YA

According to the minimum theorem, the subset
C = X is the set of all the continuous fields (i.e.,
the set of all the fields which satisfy the continuity
equation, the equation of state and the velocity boun-
dary conditions) which satisfy the initial conditions
(63—56).

The elements of X’ are the inertial fields which
satisfy equations (90a), (91)—(93) within each subdo-
main, and the elements of C’' are the elements of X’
which satisfy the generalized continuity equation (99),
the generalized equation of state (107), the boundary
condition (139) and the initial conditions (115)—(118).
The B-projections of each element x of X in X’ are the
elements of X’ which present the same nodal values as
the displacements, velocities and density as x.

The approximation theorem mentioned in section
‘Results of the theory of variational methods’ states
that a definition of distance can be introduced such
that (1) holds, but the physical meaning of such dis-
tance is not obvious in the general case.

In what concerns the present case, a discussion
of the physical meaning is intended to be made in the
near future. Meanwhile, it does no harm to think of the
distance between two fields as the norm of the diffe-
rence between them, i.e.,

(140)

d(xy x3) = [lx;— x| (141)

The variation of the functional ¢ from an element
x € X to another element within a very small distance
from x is, considering (42)—(44), given by

0, = O(|6,u)+ O(|6,¥]) + 0(3p)

3, s thus of the order of I"*'if

(i) n-is the degree of highest degree complete
polynomial of arbitrary coefficients contained in the
expressions for the velocities and densities within each
subdomain Ae,

(ii) all the derivatives of the velocities and densi-
ties associated with x, with order n-+ 1 or less are
bounded within each subdomain Ae.

Equation (93) ensures that conditions (i) and (ii)
are satisfied for n = 1.

(142)
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No reference is needed to the displacements in
conditions (i) and (ii) because, as the velocities remain
the derivatives with respect to time of the displace-
ments, these conditions are satisfied by the displace-
ments whenever they are satisfied by the velocities.

Observing that (s, s,) is of higher order than

\_riﬁﬂ(pj‘ we can write (see (1)):
d*(s. s,) < |0, +10,9| (143)
and state the distance between the exact and appro-
ximate solutions is of the order of ["*!)/2 (see section
‘Viscous non-inertial flow') if:

(a) condition (i) is satisfied,

(b) condition (ii) is also satisfied by the exact
and the approximate solutions (whatever the value of /),

(c) both the exact and approximate solutions are
stable.

Requirement (c) results from the fact that the
variational principle is a minimum principle only in case
of stability.

We observe, however, that the exact and approxi-
mate solutions which are being considered refer to a
problem which is not the usual one.

The initial and final values of the displacements
and density are indeed assumed prescribed (first pro-
blem), while the values which are usually prescribed
aro the initial values of the displacements, velocities
and density (second problem). The first derivative of
the density with respect to time is not mentioned be-
cause its values is connected to the values of the velo-
cities and density through the continuity equation.

In this second problem, condition (b) must hold
both for the exact solution s and for the discrete solu-
tion s, corresponding to the same initial and final
values of the displacements and density as the exact
solution, in order that it may be ensured that the dis-
tance between s and the approximate solution s, be of
the order of ("' 112

A proof of this statement can easily be made by
considering the Banach space of the generalized cons-
traints % and the linear function y'(x’) which associates
to each element of X’ an element of %' As [[s—s/|
is clearly of the order of /" /2and ¥y’ is assumed con-
tinuous, it follows that ||;/[B(s)]—7(s))ll, is also
of the order of [\n' 112

On the other hand, B(s) and s’
ned,, i.e.,

are isoconstrai-

7'[B(s)] = 7'(s,) (144)

Therefore, as operator ¥’ is assumed bounded,

17 (s2) = 7' (sl = OX"* 112 (145)

Calling now Vp ., the subset of ¥ with the same
range as y' but whose domain is the set X} of the
elements of X' which equilibrates the same system D’
of external forces as s, . we can write, considering

a

that s, belongs to X, and that ' is linear,

I¥pse—salle: = O("* ") (146)

Now, by virtue of the uniqueness assumption, func-
tion Vp’ has an inverse and, by virtue of stability, such
an inverse is continuous, so that (145) implies

Isa—sill = O V72 (147)

and, therefore,

Is—s, = O™+ "2 (148)

Of course, it cannot be forgotien that the only
error which is being discussed is the discretization error
due to the use of the finite element method for the
integration of the continuous equations with resoect to
the space co-ordinates, not with respect to time.

The discrete equations are thus supposed to be
exactly integrated with respect to time and no round-
-off error is -considered.

VISCOUS INERTIAL FOW

We assume that a viscous inertial fluid is a com-
plex body resulting from the association of two simpler
bodies: a viscous non-inertial fluid and an inertial non-
-viscous fluid. The magnitudes referring to the first
will be denoted by index V. The magnitudes referring
to the second will be denoted by index /. The symbols
with no index refer 10 the complex body.

The kind of association can be defined by requi-
ring that the values of the stresses in the complex body
(no index) result from adding the stresses of the sim-
pler ones, and that the kinematical magnitudes (dis-
placements, velocities, strains) and the density have
the same values in the complex body and in the simpler
ones. These kinematical magnitudes and the density
are denoted therefore by no index.

By virtue of the conventions just established equa-
tions (8)—(11) may be rewritten in the form

ﬂllr,ll pl“+ﬂ!":. =1 (8
E+3¢8;; = v, +v,) (9)
H:‘T —= 2}!{:‘:, '[]“}
ph = —Ke (1)

and equations (28), (31) and (36a) in the form
pti+pl = pf| (28)
i I 0 3’

- ydivy = 3
di ; 219
p'=1lp) (32)
Adding equations (8') and (28’), we obtain

ali— (" +p) 4 1Y) - pi, =0 (149)
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Conside.ing that

oy = a) (150)
V -
pr+p =p (151)
It =1 (152)
(149) can be t-ansformed into
ﬂilj-f_ pit n”.fj_ ptj =0 (153)

Equations (153), (9’), (31’), (10’) and the equa-
tion

P =1p)—ké (154)
which results frem adding equations (11’) and (32’),
aro tho continuous equations governing the viscous
non-inertial flow.

The 3 equations contained in (153), the 6 equa-
tions contained in (9’), the 5 independent equations
contained in (10'), equation (31°') and equation (154)
maka 1G equations.

The uniknowns a:e also 16: 3 velocities, 6 rates
of strain i:,Tj and ¢ 5 independent stresses o-,-ﬂ. the pres-
sure p and the density p.

Eliminating the stresses and the rates of strain,
wo obtain Navier-Stokes equation :

N

)

{ . -
WV +-Euy = p. o+ pl = piy = 0 o

Combining boundary conditions (14) and (15])

with (37) and (38) yields

% 3
ptop
;= 0, on B, “5?]

Combination of the internal boundary conditions
(16) and (17) with (39a) and (40) yields

W.-',-l‘”.-—ﬂ‘"; = {ijl_*!.-—ﬂ_”_; (158)
on I

v = (159)

Let us assume now tetrahedral subdomains of the
same kind as the ones considered in section ’‘Inertial
ncn-viscous flow'.

The discrete equations for the viscous non-inertial
fluid are

.

Mipnline = J i (23}

Tho discrete equations for the inertial non-viscous
flow are

? (1

Rpe(Cponilin +diponaiPpolintn) — e —fiv _I ?
(138

* This means of course that the displacements, velocities and density take the same values in x
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armpoProt bimponPpoliv = 0 (99
gimpoTin = hpglp) (107')

Cembining (23’) and (138’) yields

!’PQ{"PQ&'L‘:.‘.\r+deQ.\',u:,FPQT':'.\"';M]— ":; 1';:, =0
(160)
where
o =il = S| [ vidas+ | vimap]
A B*n B,

(161)

Equations (160), (99’) and (107’) form the system
of discrete equations which governs the viscous inertial
flow. Its solution provides of course an approximate
solution for Navier-Stokes equation.

Let us discuss now the order of approximation.

A set of velocity, strain rate, density and pressure
fields will te called a viscous inertial field.

The set of all possible viscous inertial fields forms
a vector space which becomes a Banach space X if a
norms is introduced. The norm of an element xe X
is defined as

X =\/[ZI (I'.-f'e+*3u*3u+!‘2+P3}dA"] (162)
e A"

Let us consider now the Banach spaces X" and X'
of all possible viscous and inertial fields and let  x"
and x' denote the fields which correspond to x when
the decomposition of the complex body into simpler
cnes is considered.*

We denote the norm of X" and X'by |x|, and

[ x|[;. As

Ixlly = \/[Z ;e,.jlz,._,dA"] (163)
[ A
| x|, = \/[ZJ' [r',-r,-+pz+,'=3)dA“] (164)
e vaAr
it is clear that
[Ixl < llxlly + lx] (165)

We call the distance between two fields in X the
norm of their difference, i.e.,

d(xl,xzj =[x, —x,| (166)

The systems of external forces which can act on
the body are defined by a body force density vector
function f(x, ) and by a traction vector function m(x, I)
on B,.

We introduce the Banach space &/ whose elements
are pairs of functions f(x,t) and f(x, (). The norm of
an element D € & may be defined as

! x" and x.
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IDilg = \/” Z U‘ f.TdA"+ L-- . . EdB“] d:}

(167)

We also introduce the function &(x) with domain
X and range 2/ which associates which each element
of X an element of &/ such that equations (153) and
(156) are saisfied.

We assume the portion of the fluid which occupies
the domain A decomposed into Eulerian finite elements
and call X¥., X' and X' the subspaces of X", X' and
X which correspond to such decomposition.

We define the interpolation operators 8" and B/
as the interpolation operators in sections 'Viscous non-
-inertial flow' and ‘Inertial non-viscous flow’. The inter
polation operator B is of course defined to be such that,
if x and x' represent the decomposition of x, 8" (xV)
and B! (x!) represent the decomposition of B(x). In
other words, the B-projections in X' of the elements of
X are the fields in X’ which present the same nodal
values of the displacements, velocities and density.

We call :

C"' the set of fields in X which satisfy the dis-
crete boundary conditions (22),

! the set of fields in X which satisfy (22) or
(138’) and also (99°) and (107),

C' the set of fields in X’ which satisfy all these
equations simultaneously,

/' the Banach space whose elemcnts are sets of
functions Jir(t) defined on the interval (t,, t,), the
norm in %/ being given by

IDlg = \/(J:::f::,.ﬁ;_dt)

d¢ (') the function with domain C’ and range &
which associates to each element of C’ the element
of 4/ such that equation (160) is satisfied,

of (x¥) and oL(x") the corresponding functions
for the viscous non-inertial and for the inertial non-vis-
cous fluids,

A", A! and A the approximation operators corres-
ponding to the two simple models and to the complex
model which are being considered, which means that,
if s¥ represents the solution of the viscous non-inertial
continuous equations, A" (s") represents the solution of
the corresponding discrete equations, and so on.

As the type of association is such that the exter-
nal forces acting on the complex bodv represent the
sum of the forces acting on the simpler component
bodies, we can write, if x¥ and x! represent the de-
composition of x'.

(168)

Ob(xY )+ 0gdx") = dpdx) (169)

Assuming that the approximation econditions in
sactions ‘Viscous non-inertial flow' and ‘Inertial non-
-viscous flow’ are satisfied by the expressions for the
different fields within the subdomains A® and by the
pairs of solutions s¥ and A" (s¥), s! and A' (s!), we
can write
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|s¥ —AY(s" Ny = O™ ") (170)
[s'—Als"), = ou ') (171)
and, of course,

.\l'_Bi{hl ) = ()“[m' 1 2.
:.\" Eae BF{ \..‘1 = ()“Nﬂ B :i
Combining (170) and (172), (171) and (173) yields

I1B¥(s")— A¥ (")l = O(™ 1"y -

IB'(s"y— AN (s, = O™ 1Ry (175)

Now, as B" (s¥) and B!{s') represent the decom-
position of B(s), we can write (see (170))
OV [BY(s")] + 0L [B'(s")] = d¢[Bus). {176

On the other hand, as
oV(s*)+0'(s") = dls) (177)

there results, by virtue of equations (25), (135) and
(161),

S [AY(sM)]+0¢[A'(sN)] = ¢ [Als)] (178)

Subtracting (178) from (176), and considering
that functions ()E()(‘ and (. are linear, we obtain

OV [BY(sV)— AY(sV)] + O(-[B'(s") -

— A'(s")] = dc[B(s)— A(s)] (179)

But as such functions are also continuous, we can
write, considering (174) and (175),

|0¢-[BY(s*)— A¥(s")]llg- = O 1''?) (180)
|6¢-[B'(s")— A'(s")]lly- = O " ?) (181)

and then, considering (179),
|6¢-[Bls)— A(S)llo- = O™ ') (182)

The uniqueness and stability assumptions enable
us to conclude that

IB(s)— A(s)|| = O("" ") (183)

As, on the other hand, by virtue of (165), (172)
and (173),
[ls—B(s)| = O™ "2, (184)

there results
Is—A(s)| = O(™* %) (185)
o., considering (166) and the fact that A(s) isy, .

dis. 83) = O("* V) (186)
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The distance between the exact and approximate
solution is thus of the order of ["""!Y2 if the require-
ments for convergence are met by each of the exact
solutions sV and s!, which result from the decompo-
sition of s, and by the discrete solutions AV{SV-] and
A'(s'). The latter, however, do not represent the decom-
position of A(s), but the discrete solutions generated
by the finite element method applied to the analysis
of the viscous non-inertial and inertial non-viscous bo-
dies acted by the same forces which act on the simple
bodies within the frame of the continuous theory. As
the distribuition of the external forces by the compo-
nent bodies is altered by discretization, these forces are
indeed different from the ones which act on the simple
bodies within the frame of the discrete theory.

CONCLUSIONS

The application of a technique based on the decompo-
sition of a complex body, whose mechanical behaviour
is not governed by a minimum principle, into simpler
ones for which extremum principles are known made
it possible to apply the results of a previously develo-
ped theory of wvariational methods to the discussion
of the convergence of sequences of finite element
approximate solutions of Navier-Stokes equation.

The variational principles for the viscous non-
-inertial case are well-known.

A variational principle for the inertial non-viscous
flow, capable of providing convenient discrete equations,
is however one of the main contributions of this paper.

The principle, which involves displacements as
well as velocities, is Lagrangian, although the finite
elements* are Eulerian. In other words, the decompo-
sition of the domain into finite elements does not
change with time, but the variation of the functional
which the exact solution makes equal to zero is La-
grangian.

A short discussion of the conditions under which
such a variational principle is an extremum principle
was included and a connexion was established between
such conditions and the stability of the flow.

Sufficient conditions were obtained for the dis-
tance between the exact and approximate solutions
being of the order of ["*!/2 , were [ is the maximum
diameter of the finite elements into which the fluid is
assumed to be decomposed.

Such conditions will be summarized now and
practical convergence tests will be searched.

Assume that the exp-essions for the wvelocities,
rates of strain and density within each subdomain A
contain a complete polynomial of the nth degree.

In order that the approximation e:ror be of the
order of ["*1)/2 | two conditions must still be satisfied
by the exact solution s and by the solutions of the
viscous non-ine:tial and inertial non-viscous discrete
equations corresponding to

—- the same forces which equilibrate the fields
sV and s! resulting from the decomposition of s,

— the same initial and final values of the displa-
cements and density as s.

These conditions are :

(a) The derivatives of the velocities, rates of strain
and density with order n + 1 or less are all bounded
within each subdomain Ace.

{b) The solution must be stable

In order that convergence may be achieved, n must
be ai least equal to zero. This means that the velocities
rates of strain and density must be able to take arbi-
trary constant values within each subdomain A¢, and
tha: they must be bounded, as well as their first deri-
vatives, within each subdomain, both in the exact solu-
tion and in the discrete solutions mentioned above.

Conce:ning the exact solution, physical intuition,
a qualitative knowledge of the phenomena and general
theo.ems on singularities can be used for establishing
the boundedness of the different magnitudes.

Concerning the discrete solutions, a supplementary
sourco of unboundedness is connected with a possible
heterogeneity of the types of nodes associated to some
patterns of the mesh, as in the st.uctural case.

This second source of unboundedness can be
eliminated by resorting to patch tests similar to the
one which lrons* introduced in the structural case.

A firs: test, devised to ensure the boundedness
of the derivatives of the velocities end density, consists
simply in checking for an arbitrary patch if the gene-
ralized solution becomes exact when the boundary nodal
values of the velocities and the initial nodal values of
the velocities and density are the ones which corres-
pond to an arbitrary permanent uniform distribution of
the velocities and density and no external forces act
on the body.

That it is not necessary to make this test for each
particular case is an immediate conclusion of the fact
tha: equations (86) and (160) are indeed satisfied by
uniform and permanent nodal values of the wvelocities
and density and by fi. = 0.

A second test, devised to ensure the boundedness
of the derivatives of the rates of strain, is almost iden-
tical to the one used in the structural case. It consists
in checking for an arbitrary patch If the generalized
solution becomes exact when the boundary nodal values
of the velocities are the ones which correspond to an
arbitrary linear distribution of the velocities, and the
initial nodal values of the velocities and density also
agree with such distribution and with a uniform p.

In the non-viscous case considered in section
‘Inertial non- viscous flow’ the boundedness of the rates
of strain and their derivatives is not necessary for
convergence. This second test is thus also not neces-
sary. Attention must be called, however, to the facts
tha: the non-viscous flow is more easily unstable and
that discontinuities of the velocities and density are

« Only tetrahedral elements were considered with two kinds of nodes: vertices and mid-edge points.
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possible without the rate of the energy density beco-
ming unbounded.

It remains to be shown in a future paper how
passing the patch tests is connected with the fact
that certain magnitudes remain bounded when the di-
mensions of the finite elements become indefinitely
small.
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Calculo de estruturas reticuladas no espaco

Analysis of space frames

RESUMO

Expbe-se sucintamente a aplicagdo do método de
Cross na resolugdo de estruturas espaciais, constituidas
por barras de momento de inércia constante ou varidvel,
de eixo rectilineo, ortogonais entre si, ou nao.
Apresentam-se alguns exemplos de aplicacao.

Na nossa bibliografia técnica existem algumas pu-
blicagbes sob:e o tema que vamos abordar, designada-
mente as indicadas nas referéncias [4], [5]. [6] [71
nao havendo todavia nenhuma que conside.e o proble-
ma com generalidade,

A extensao do método de Cross, nos termos adian-
te referidos, foi exposta por C, Catuneau, D. Anastesescu
e |. Munteanu, na publicacdo referida em [1].

Como é sabido, no caso de estruturas a trés di-
mensoes de barras perpendiculares entre si pode-se
aplicar o método de Cross nas condigoes em que é
utilizado correntemente para as estruturas planas, mas
acrescentando a rigidez a tor¢do. Neste caso, ao esta-
belecer o equilibrio dos diversos nés, os momentos
desiquilibrados sao de flexdo para algumas das barras
e de torgdao para outras, havendo que considerar, para
a determinacdo dos coeficientes de distribuicdo em
cada nd, nas primeiras a rigidez de flexdo e nas outras
barras, a rigidez de torgcdo, nas condigdes habituais.
O mesmo ndo acontece com as estruturas de barras
obliquas, @ a dificuldade nestas resulta do facto da
deformagao de uma qualquer das barras que concorre
num ndé da estrutura, (por virtude da aplicagcdo de um
momento de flexdo ou de torcdo no referido né e que
se distribue pelas barras que convergem nesse mesmo
né), ser simultdneamente de flexdo e de torgdo. Nao é
possivel determinar, a priori, as componentes da rotagao
das barras que concorrem num nd, (condigcdo necessa-
ria para poder fazer a distribuigdo, pelas barras, dos
momentos desiquilibrados), a ndao ser pelo estabeleci-
mento da condigdo de compatibilidade inicial, que ha
que resolver & partida.

Por esta dificuldade, mesmo a literatura estran-
geira conhecida sé tem, em regra, abordado, com o
método de Cross, o caso das estruturas no espaco cons-
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SYNOPSIS

It is succintly stated the application of the Cross
method on the resolution of rigid space structures, cons-
tituted by bars of constant or variable inertia, of recti-
linear axle, orthogonal between them, or not.

Somo application examples are presented.

tituidas por barras perpendiculares entre si, onde tal
dificuldade néo existe.

Para a resolugdo, no caso mais geral, de uma
est'utura no espaco, hd que adoptar dois sistemas de
eixos ortogonais, um privativo de cada barra que con-
corre nc né i considerado e o outro (constituido pelos
eixos x, y, z com origem no correspondente né), de
referéncia da estrutura. Do primeiro sistema de eixos
dois deles (designados respectivamente por 1 e 2) coin-
cidem com os eixos principais de inércia da seccdo e
o outro (designado pelo algarismo 3) tem a direcgdo
perpendicular ao plano da secgdo, conforme figura 1.

E necessario orientar os eixos 1, 2, 3 das seccoes
das barras que concorrem em cada né da estrutura de
modo que os respectivos sentidos coincidam com a
convencao de sinais de Cross para os momentos das
reacgoes exteriores (positivos quando dédo rotacdo no
sentido contrdrio aos dos ponteiros do rel6gio). O sen-
tido a tomar para os momentos (vectores representados
por setas rectilineas) serd o da progressdao da ponta
do sacarrolhas quando se imprime a este uma rotagao
de sentido representado na figura por setas curvas.
Porque esta representacdo é menos clara no desenho,
que aparece em perspectiva, preferimos representar os
momentos sob a forma vectorial. Uma convengdo de
sinais deste tipo, que ndo muda consoante se trata de
extremidades esquerda ou direita das barras, tem a
vantagem de definir claramente o sentido da actuacéo
dos momentos instalados nas extremidades das barras,
trate-se de momentos de flexdo ou de momentos de
torgdo.

Pelo contrério, a orientagédo dos eixos x, y, z é indi-
ferente, havendo apenas que garantir a coeréncia dos
sinais dos cosenos e dos sinais das componentes dos
momentos em relagcdo a estes eixos.
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Fig. 1 — Sistemas de eixos de referencia e convengdo de niveis

positvos no né | (Cross)

Os angulos que os eixos 1, 2, 3 relativos & barra
i-j fazem com os eixos x, y, z sdo, respectivamente,
designados por «, A, y. Sao medidos entre sentidos
positivos dos referidos eixos, e descritos do eixo x ou y
ou z para o eixo 1 ou 2 ou 3. E a medida do &ngulo
assim definido, que permite determinar o valor do
coseno do respectivo &ngulo.

Cada éangulo é referenciado pela indicada letra
grega afectada de um indice constituido por duas letras
separadas por um hifen definidoras da barra, seguidas
de uma virgula de separacao e de um nimero que desi-
gna a qual dos eixos 1, 2 ou 3 o angulo se refere, ver
figura 1.

Os momentos sao definidos por vectores (os de
flexdo dirigidos segundo um ou outro dos eixos prin-
cipais de inércia da secgao, portanto 1 ou 2, em relagdo
aos quais o momento de inércia | é respectivamente
considerado; os momentos de torgao sdo sempre diri-
gidos segundo os eixos 3), e pelos sentidos da rotagido
no plano perpendicular ao vector.
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1 — Rigidez e coeficientes de transmissao

Nas estruturas a trés dimensoes ha a considerar
as rigidezes junto das respectivas extremidades i, j e
segundo os eixos 1e 2 (de flexdo) e 3 (de torgéao).

1.1 — Vigas de momento de inércia constante

No caso da barra de eixo rectilineo e secgao
constante perfeitamente encastrada a flexao e a torcao,
as rigidezes sao iguais nas duas extremidades e os seus
valores sao dados pelas expressoes

4EI! _¢EI2 Glﬁ_

K = 7 7 Kge= =7 7 Ky |

em Gue I], !, s3o os momentos de inércia da secgéo
em relacao aos eixos 1 e 2, respectivamente, e I‘_.} o
momento de inércia & torgao.

Os coeficientes de transmissdo tem os valores
seguintes flexao n = 0,5 e de torgao M = -1.

Os valores de |, |. e |, sao indicados a seguir, para
as seccoes mais correntes:

Seccao circular de raio r

lhb=1,= ——rt=0,785
o 1
l, = — 5 =15871 =2, = 2l
Secgao anelar de raios Tar
L=1= T#rle- r4ill
h =7 (e ) =21, =2,

Seccaoc rectangular de dimensdes axb, colocada ao alto
em relacao ao eixo 1 (a < b, altura b)

[ abf'. ba.‘l

| == || =

, § ==
iz * 12

= (—ab )[1-0,530 | —z —)
Lt 0,052( —:— )] 1,

Seccdo rectangular de dimensdes axb, colocada ao baixo
em relacédo ao eixo 1 (a < b, altura a)

ba* ab®
= 9§=——
? 12 3 12

a a -
L, =4 [1 -0,630 (T) + 0,052 (-b—) J 1

|

I
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Fig. 2 — Célculo do valor de |
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Fig. 3 — Barra de momento de inércia wvariavel

O quadro- 1 indica os valores de |, relativos &
secgdo rectangular, para relagdes entre a altura e a base
variaveis de 0,1 a 5.

Para uma seccgdo rectangular estreita, de altura b
a‘b
3

No caso de uma secgdo | ou T, tomar |, igual a
soma dos valores que correspondem aos rectangulos
em que a seccdo se pode dividir.

Assim, no caso da seccdo UNP14, fig. 2, para a
alma da viga temos:

muitc maior do que a, I, =

0,7 x 14
', = — = 1,60 cm?
] 3
e para os banzos
1.01x 53
" = 2x—— =368
3
donde se tira:
L, =1, + 1", = 513 cm*

Nas secgoes de betdo armado pode considerar-se
apenas a area do betdo, ndao entrando em consideracao
com a existéncia das armadu-as de ago.

1.2 — Vigas de momento de inércia varidvel !

No caso de sec¢oes de momento de inércia varidvel,
vejamos, através de um exemplo, como se podem calcu-
lar as rigidezes da viga representada na fig. 3, de
largu:a constante a.

Quadro 1 — Valores de | /I,

alt. da viga a
S e A R e Gl 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80 0,90 1,00
larg. da viga b
/1, 3,75 3,50 3.24 2,99 2,76 2,50 2,27 2,05 1,85 1,69
It. d i b
(et daviea P | 420 | 140 | 160 | 180 | 200 | 220 | 240 | 2.60 | 2.80 | 3,00
larg. da viga a
[P 1,38 1.14 0,955 0,806 0,687 0,591 0,513 | 0,449 | 0,396 | 0,351
alt. da viga b
S iR e — 3,20 3,40 3,60 3.80 4,00 4,20 4,40 4,60 | 4,80 | 5,00
larg. da viga a ;
1,/1, 0,314 | 0,282 | 0,255 | 0,231 | 0,211 0,193 | 0,177 | 0,163 | 0,151 | 0,140
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A aplicacdo de um momento flector Ky iy na
extremidade h de modou que faga rodar o apoio h de
rotacao fy =1 conduz & instalacao de reacgdbes de
apoio R @ momentos M ao longo da viga de tal modo
que se verifica o sistema de equagoes (*)

l ~ldx 1 ox
| Kheit l 7+ By { o = E
- X . x
{ (8] 0
ox o
I Kh-i.i‘ g oK Hh—i,ll
_ x »

l 0 o

x4
——dx = 0
|

x

sistema este que determina os dois valores

x?
[ EJ I dx
K ‘l] ”
h—i,l = - — =
e o L 2
‘ l ‘ ‘ dx_(J == dx)
'0 & -:() * (4] *
_41
X
’ dx
o |
o x
Th—il = : — —1
o~ x'-!
dx
. lX

Estas expressoes sdo validas para a determinagao
de K; ;o © Mo trocando a altura da viga com
a sua largura, Para o caso anterior a altura da viga é
variavel {bx ) e a largura (a) é constante, agora sera
a altura constante a @ a la:gura variavel (b )

Tomando para referéncia a altura b na zona de
seccao constante,

calculando-se através desta expressdao os valores que
constam do quadro 2. Tomando depois, para referéncia
a largura "a” na zona de secgdo constante, obtem-se

construindo-se de modo identico o quadro 3, sendo

ab:l
lg=—
° 12

o momento de inércia em relagao ao eixo 1, na zona
em que a viga tem sec¢ado constante.

Péla regra de Simpson teremos, em relacdo aos
valorea do quadro 2,

{(*}) — J. 5. Brazdo Farinha "Calculo de Estruturas Hiperestaticas”
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J | 31,

> I 0,20354+1,00000+2(0,26340+0,34924+0,47683 %
+0,67497+5x1,00000) +4(0,23090 | 0,30230
+0,40644+0,564447+0,81629X5<1,00000 —
0,73357
|

0

e, analogamente,
= X 1=
dx = 0.44853—|—i —

o 0 0

xe |
| dx = 0,31923 —

x 0

e analogamente, do quadro 3,

>11,63399+2,77778+2 (1,78063+1,95618 2,17014 |
+ 2,436656+5x2,77778) +4(1,70416+1,86428 -+
+2,06761+2,29568+2,59605 { 5X2,77778 |=

|
= 2,44172 —

(¥]

x 12 X2 |
_l =1.32805— ’ dx = 0,91825

L X lo = ® l'a

Teremos portanto, de acordo com os valores do
quadro 2,
0,31923 I* El,
0,73357 1X0,31923 |*—(0,44853 |)*

EI”
= 9,67 --]—-

Kyt =

0,44853
b g — — 1) = 0,404
i1 (0.31923 )
e dos valores do quadro 3,

0,91825 I* El
Kiip = e
27 2,44172 1X0,91825—(1,32805 12)

El
= 2,05 l"

1,32805 -
Vi ( e 1): 0,446

Técnica n.® 23, Qutubro 1953, pag. 15
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Quadro 2 — Célculo da rigidez de flexdao e do coeficiente de transmissdo K, .,

inércia variavel

ny_i da viga de momento

de

l Alturas Mem. de Relacoes
" ‘ Abicisgas da viga inércia =
Seccoes g b, ; F by ? 1 % X2
b x(\ b ) lo ol I I
1 | 12
h 0,00 1,70 4,91300 | 0,20354 T 0,00000 — 0,00000 g
1 C,05 1,63 4,33075 0,23090 0,01155 0,00058
2 C,i0 1.56 3,79642 0,26340 0,02634 0,00263
3 0,15 1,49 3,30795 0,30230 0,04535 0,00680
4 0,20 1,42 2,86329 0,34924 0,06985 0,01397
5 0,25 1.36 2,46038 0,40644 0,10161 0,02540
6 0,30 1,28 2,09715 0,47683 0,14305 0,04292
7 0,35 1.21 1,77156 0,56447 0,19756 0,06915
8 | 0,40 1.14 1,48154 0,67497 0,26999 0,10800
8 0,45 1,07 1,22504 0,81629 0,36733 0,16530
10 0,50 1,00 1,00000 1,00000 0,50000 0,25000
1 C.55 1,00 1,00000 1,00000 0,55000 0,30250
12 0,60 1,00 1,00000 1.,00000 0,60000 0,36000
13 0,65 1,00 1,00000 1.00000 0,65000 0,42250
14 0,70 1,00 1,00000 1,00000 C,70000 1,49000
15 0,75 1.00 1,C0000 } 1,00000 0,75000 0,56250
16 0,80 1,00 1,00000 1.00000 0,80000 0,64000
17 0,85 1,00 1,00000 ‘ 1,00000 0,850C00 0,72250
18 ¢.90 1.C0 1,00000 | 1.00000 0,90000 0,81000
19 0,95 1,00 1,00000 | 1,00000 0,95000 0,90250
i 1,00 1.00 1,00C00 ‘ 1,00000 1,00000 1,00000
Quadro 3 — Calculo da rigedez de flexdo e do coeficiente de transmissdo K, ;i ;4. - da viga de momento
de iné:cia variavel, para a/b = 0,60
Altura Momentos cde Quocientes
da viga iné.cia =
Seccoes Abcissas b, : (a )L’ b, 1 X x=
= — ' ——
b s 18 ( b ) 9 | I b,
1 | 12
h 0.00 1,70 0.6120 1 1,63399 T 0,00000 — 0,00000 .
L] (4] (8]
1 0.C5 1.63 0,5868 1,70416 0,08521 0,00426
2 | ¢,10 1,56 0,5616 1,78063 0,17805 0,01781
3 [ 0.15 1,49 0,5364 1.86428 0,27964 0,04195
4 } 0,20 1.42 0,5112 1.95618 0,39124 0,07825
5 'l 0,25 1.35 0,4860 2,05761 0,51440 0,12860
6 [ 0,30 1,28 0,4608 2,17014 0,65104 0,19531
7 0,35 1.21 0,4356 2,29568 0,80349 0,28122
8 | 0,40 1,14 0,4104 2,43665 0,97466 0,38986
9 [ 0.45 1,07 0,3852 2,59605 1,16822 0,52570
10 | 0,50 1,00 0,3600 2,77778 1,38889 0,69444
11 0,65 1,00 0,3600 2,77778 1,52778 0,84028
12 0,60 1,00 0,3600 2,77778 1,66667 1.00000
13 0,65 1,00 0,3600 2,77778 1,80556 1.17361
14 0,70 1,00 0,3600 2,77778 1.,94444 1.36111
15 0,75 1,00 0,3600 2,77778 2,08333 1,566250
16 0,80 1.00 0,3600 2,77778 2,22222 1.77778
17 0,85 1.00 0,3600 2,77778 2,36111 2,00694
18 0,90 1,00 0,3600 2,77778 2,50000 2,25000
19 0,95 1.00 0,3600 2,77778 2,63889 2,50694
i 1,00 1,00 0,3600 2,77778 2,77778 2,77778




Notemos que estes valores nao dependem da re-
a

lacac —;- po: ser uma constante que ndo afecta o valor

das fracgoes que dao K e 3.

De modo andlogo ao anteriormente indicado, a
aplicagdgo do momento flector l(,-__h‘1 na extremidade
i, de modo que faca rodar o apoio i da rotacao 6, = 1

conduz ao sistema de equacoes

s dx ol l—x
K; h_,‘ +RH”' dx = E
J I, ‘ ?
0 (§]
f T—x)
Ki—n, I dx + Ri_ny ’ &= 9
Iy i I
0 0
donde se deduz
o (1=x)2
’ = dx
‘l! :
K T e —
i-h,i al dié 'I[i—x]* 'Il—x ?
' ——dx | ’ dx)
. Yooa I i I
0 0 0
I]
t_
‘ { XI_ 5
. 1
j 18] I S 1
"i—h1 T sl
I—x)2
( ) i
o I
(4]
Teremos pois, de acordo com o quadro 2
ol » -
(1—x)= I ! x
| &= dxrll _dx+l._dx—2IX
o Iy o Iy o/ i
1] (4] (8]
al
x B I:',
XJ - dx = 0,15574 a
x 0
0
'.I =" . | | | ) ’.I %
— x = RN+ F — =
. Ix . |r . I: o
(4] 0 0
12
= 0,28504 —
ll]
e portanto
0,15574 El,
K- = S : =
i=h1  0,73357X0,15574—0,28504* |
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0,28504

Vip,) = 01?;574 - 1 = 0,830

De modo anilogo, serd, na conformidade com o
quadro 3,

dx = (2,44172+4+0,91825—2x1,32805) ¥

"'lll—x]”

X
L

|4 |

X — = 0,70387 —
Ill 1[\
'] I_.x |'.! |3
‘ — " dx=(2,44172—1,32805) — = 1,11367 —
.- |1 lI"I 1“
L8
0,707387 El,, El,,
Ki 10 2= q,47 —
-1 2,44172X0,70387—1,11367% | |
1,11367
—1=0,582

Ti-n2 = 70387

A aplicagao do momento de to:gdo Ky i3 a extre-
midado h da ba:ra h—i, jnstala um momento constante
ao longo do vao, (donde se conclue que o coeficiente
de t.ansmissdo continua a ser—1 nas vigas de momento
de inércia variavel), e significa também que a rigidez
do to ¢do da viga é dada por

a ! ' a
=k I, . sendo k = 4 (—) I 1—0.630(—)+
b, b

el e

portanto dependente das dimensdes a, b da viga. Na
hipotese de ser a = 30 ¢m, b = 50 em (quadro 4),
conforme fig. 3, sera:

"I_Ei_x 0,05 |

[0.52510 +1,10925 + 2 (0,58717 +
3 L

Iy

{- 0,66581 + 0,76861 + 0,90849 + 5 X 1,10925) +

0

+ 4 (0,565441 + C,62404 + 0,71355 + 0,83278 4

1 005 |
+ 0,99907 + 5 X 1,10925) | — — - X
" !ﬂ 3 .
| [
X 565,66741 — = 092779 —
(4] 4]
1,078 Gl

Ka—i3= Kimng= —
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Quadro 4 — Calculo da rigidez de torgdo K,

5 da viga de momento de inércia variavel, para

a=30cm; b= 50cm

7 Altura 1
Seccoes Abcitms da viga | I T
b (cm) '
2. | (N Sy . S| S — :

h | 0,00 | 85,0 1,90437 | 0,52510 I
1 0,05 81,5 1,80370 0,55441
2 0.10 78,0 1,70306 0,58717
3 0.15 74,5 1,60246 0,62404
4 0,20 71,0 1,60191 0,66581
B 0.25 67,5 1,40143 0,71355
6 0,30 64,0 1,30104 0,76861
7 0,35 60.5 1.20079 0,83278
8 0,40 57,0 1,10072 0,90849
9 0,45 53,5 1,00092 0,99907

10 0,50 50,0 0,90150 | 1’10925_‘:1,
11 0.55 50,0 0,90150 1,10925
12 0,60 50,0 0,90150 1,10925
13 0,65 50,0 0,90150 1,10925
14 0,70 50,0 0,90150 1.10925
15 0,75 50,0 0,90150 1,1C925
16 0,80 50,0 0,90150 1,10925
17 0.85 50,0 0,50150 1,10925
18 0,90 50,0 0,90150 1,10925
19 0,95 50,0 0,90150 1,10925

i 1,00 | 50,0 0.90150 | 1.10925—:

0
No caso da viga da altura constante 50 cm em nE . E

:Z:rj:nt:; Zzuaﬁt::g?manto. teriamos um valor pouco di- 2 (n+1) T2 b+ 1)
0,902 GIU_ em que n & o mddulo de Poisson e »— —:— o coefi-

K

Kn-ig = Ki—ng™

1.3 — Mddulo de elasticidade G

O moédulo de elasticidade transversal G pode ex-
primir-so em funcdo do mdédulo de elasticidade longitu-
dinal E pelas relagoes

TECNICA 432

ciente de Poisson.

De acordo com o anexo | do REBA, para o betao
armado » = 0,20 donde E = 2,40 G. Para a construcdo
metélica toma-se, em regra, » = 0,25, donde E=2,60 G.

1.4 — Barras articuladas num dos apoios

Indicamos atrds os valores das rigidezes das barras
de eixo rectilineo e momento de inércia constante en-
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castrada nos apoios. Ha todavia a referir que, no caso
das bar.as encast:adas na extremidade i e articuladas a
torcdo e a flexao, respectivamente, no outio extremo
j. as regidezes sao exp-essas por

3El, 3 El,

Neste caso os coeficientes de transmissdo da ex-
tremidade i da barra para a extremidade | sdo nulos,
ng— Mg — 0.

Notemos que uma barra pode, independentemente,
ser articulada numa das extremidades & flexdo (ou tor-
¢ao) e ser nela encastrada a torgdo (ou flexdo), haven-
do que proceder em conformidade.

Com efeito, uma viga rigida pode ser encastrada
a flexao (mas nao & to;¢do) por uma parede esbelta
disposta no seu plano, conforme fig. 4 a). Analogamen-
te em relacdo a fig. 4 b) quanto a possibilidade de en-
castramento a torgdo, e nao a flexéo.

N

Fig. 4 — Encastramento em i, a flexdo & & torgdo
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1.5 — Casos de simetria

Ha ainda que considerar os casos de possivel
simplificacdo dos calculos, por razdes de simetria, uma
ver que entdo se pode considerar uma pa’te apenas
(metado ou um quarto da estrutura) como se o restante
nic existisse. Para as barras cortadas tomam-se entao
Jigideze: virtuais K

No caso de uma estrutura simétrica cujo plano
da simetria corta pelo meio uma ou mais barras, de
tal modo que a estrutura se comporta como perfeita-
mente encastrada (ou como articulada) na seccao média,
tomam-se nas barras co:tadas rigidezes virtuais a flexao
Ko, =05 Kf e K, = 1,5 Kf respectivamente no
caso de actuacdo de solicitagbes simétricas ou anti-
-simét icas, ver fig. 5. Para as rigidezes de torgao tere-
mos, também respectivamente, K, =~ = 0: K, =2Kt

No caso do plano de simetria da estrutura passar
po. um ou mais nos, de tal modo que as bar.as que
coincidem com o referido plano nio podem ter rotacao,
consideram-se perfeitamente encastradas as ba:rras cujas
ext emidades se inserem no plano de simetria.

Pelo contrario, nas barras que se situam no plano
do simetria e que podem rodar, e sdao divididas em
duas metades longitudinais, toma-se em cada metade
dac barras, metade das ca.gas actuantes, e uma rigidez
virtual de cada uma das partes igual a metade da real.
Isto porque a cada uma das metades das bar;as corta-
das correspondem metade dso esforcos totais nela insta-
lados. No final, po:tanto, terd que se multiplicar por 2
todos os valores encastradas para as meias barras.

2 — Fundamentos do método

A aplicagao do método de Cross a uma estrutura
nc espaco pa‘te da situacdao de encastramento perfeito,
isto &, da aplicacdo, em todos os néds, dos momentos
de encastramento perfeito M que respeitam as cargas
aplicadas nas diversas barias,

A libertacdo de um qualquer nd "i”, corresponde
a aplicacdo de um momento de sentido contrario ao
aplicado nesse né, isto é, - M® , uma vez que em
cada né equilibrado. =M = L. O momento - = M®
distribui-se pelas diversas barras que concorrem no né
i, de uma maneira que depende do valor das compo-
nentes & . ; #,,; 6,, da rotacdo do referido né. Os
valo:es destas sao dados pelo “sistema caracteristico”
de cada né da estrutura, a seguir indicado para o né
i, & no qual os somatérios se estendem a todas as
diversas barras que concorrem no referido né.

. 2K cos* at s, ; 2K cosacos B+

—fazliiKcos.«scosy+Mx'i:0

b,; 2K cos a cos g8 + Oy = K cosz g +

+ ﬂl.,K Sco:.,Bcc)sy-FM”:O

#,;% K cos a cos Yo,; + cos f cos y

2K cost y + M,; =0

T 8z
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a) O plano de simetria corta as barras transver-
salmente pelo meio

RAN

W
) L]
——r—a 9
A l , //II //I :_; g k\,l,Fﬁ!,Skr
C i — e — T — '
Lot | Il
A 41// | s 3
- = 0 & (kvg=tsks
el == -'_r 'L | ‘J" 9 - J
) ! S & |kypeeke
IV A
L/ =

b) O plano de simetria corta as barras longitudi-
nalmente pelo meio

0 ¥

I, Jfr"“ﬂ 0 o
//LI‘ Fa <3 kv‘fno,sk;

(= I_"( | S w
| /i’%___';__”t g alkoe=osky

! ’
FL__i‘j___J/ l 4 3 L esosk
- | E | kwg=aBXy
mplll e LA gk

} : —:— 5‘2 kv,t=°»5kt

o Q 5

Fig. 5 — Simplificagdes por vritude da simetria da estrutu-
ras (barras de seccdo constante)

Nestes sistemas de equacoes, K; rKi—n2 Ky i
representam as rigidezes, referidas aos eixos 1 2, 3
da barra i-h, uma das baras que concorre em i. Além
desta barra, ha a considerar todas as outras i-j; i-k etc.
a que pretence o né i.

Analogamente, @1t @ 2 @3 OIC. represen-
tam os &ngulos que os trés eixos da seccdo da barra
i-h fazem com o eixo dos x e de modo andlogo ; _
Bi_n2 Bi_ny com o eixo dos j) @ Yy _pq. Vi,
Yi_n3 (com o eixo dos z}. Além desta barra hd que
considerar todas as outras barras a que pertence o né i.

Finalmente, Mx.i' Mj‘i, M:,i sao as compo-
nentes da resultante dos momentos aplicados ao né i,
segundo os eixos x, y, z, entrando com todos 0s mo-
mentos aplicados a cada uma das barras que conco-
rem nesse no.

Conhecidos os valores de #' para o né i) sistema

de equacdes 1) as componentes M" dos momentos
desiquilibrados (numa 1.° distribuicdo) e que se aplicam
na extremidade i da barra i-h, serdo obtidos através
das expressdes

M _ha = K hg [ 6',,;€08 a;_pqFT 0y, X

¥ cos ,G,_hl, elx.l cos Ti_h":l

M i n2 = Ki- h':l:a1 xi €08 a_pa Oy X
2)
¥ ©0S By_p2t 07,,C08 Yl-nh.z]

M\ i_h3 = Ki—h,a[ 61, COS & _p3 t81,;X

X©CosBy_p3 T 6',;c08 ¥; h.aJ

Destas componentes, transmitem-se para a outra
extremidade h da barra i-h os valores

. r
T ha MG ha Ti—p2 M p2 M

Do mesmo modo, para as restantes barras que
concorrem no né i. O indicado repete-se com valores
g%, 8% etc. até que as correcgdes introduzidas sejam
consideradas desprezaveis, como & correntemente prati-
cado nas estruturas planas.

Em cada libertagdo de um né i, ha, pois, que
resolver um sistema de equagdo (1) e depois temos de
aplicar as expressdes (2) para cada uma das barras
que conco;rem no referido né i, afim de determinar as
componentes dos momentos desiquilibrados (segundo
os eixos 1, 2, 3, de cada barra). Depois, em todas as
barras, uma transmiss@o de momentos para a extremi-
dade oposta a i.

No caso de uma estrutura de barras ortogonais
entre si, escolhendo um sistema x, y, z de referéncia
do né em coincidéncia com os eixos das duas ou trés
barras que nele concorrem, é sempre 2K cos a cos f§ =
= =K cos a cos Y = 2K cos 8 cos y = O donde resul-
ta que o sistema (1) se transforma no sistema (3) com
a solugcao (3’) imediata.

ex,ii K cos? a + M”J: 0
3) eFJEK cos? B + MY’I= 0

0,;ZK cos?’y + M; ;= 0

(*) Se, neste caso, ndo actuarem forgas nas barras cortadas longitudinalmente, consideram-se as barras perpendiculares a

estas encastradas nas extremidades, e como se aquelas ndo existissem. Ver exemplo 4.° para esclarecimento.
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Ml
6,1 = — —
X, =z K cos? a
M., .
' v,
3 } 83! i: = - a E
' Z K cos® @8
| M,
9 I: = -
| L Z K cos? ¥y

Notando que para o caso de barras perpendiculares
o valor de cos* é sempre igual a 1 (ou a 0) deduz-se
imediatamente, por substituicao destes valores do siste-
ma 2), que para este tipo de estruturas é generalizavel o
método de Cross nos termos em que é correntemente
aplicado nos sistemas planos. S6 temos, como ja atraz
dissemos, que considerar para cada barra a rigidez de
flexdo ou de torgdo, consoante o momento desiquilibra-
do é de flexdo (e portanto de flexdo ou torcao para a
barra perpendicular, conforme se trata de barras compla-
nas ou existentes em planos perpendiculares entre si).
Ou entdo o momento desiquilibrado é de torcao para
uma dada barra, e de flexao para as que lhe sdo per-
pendiculares.

3 — Exemplos de aplicagdo no caso de estruturas
de barras perpendiculares entre si

Exemplo 1. — Determinar os esforgos actuantes
na estrutura constituida por duas vigas simetricamente
cruzadas, de betdao armado e seccado constante, e que
apoiam uma laje na qual actua a carga uniformemente
distribuida g (kg/m?), conforme fig. 6.

A resolugdo do problema é considerada em duas
etapas, na 1.* flexdo nas barras h-i; i-h’; j-j; i-j’ com
o né central i fixo, quanto a deslocamentos na vertical.
De acordo cm a fig. 7 o nd i estd em equilibrio, (mo-
mentos M, iguais nos dois sentidos) ndo actuando
portanto momentos de torgdo, dada a simetria da estru-
tura.

Na 2. etapa considera-se o deslocamento A, na
vertical, do nd i, que da lugar a momentos M’i também
equilibrados.

Nédo ha portanto que fazer qualquer distribuicéo
de momentos.

O valor de A (flecha elastica em i) determina-se
pela condicdo =V = 0 de equilibrio do né i.

1 | B - 33
I R — _ —_— L —— ] —_— —
i 2 P 2 TP 184
24E| 24EI a3 -
T = + =& Wl & — ——pp =
i s B 184
11 pl¢
Pt il
1472E

Os momentos flectores actuantes em i serdo

164

- plz  gis
-

368 92 ~ 16 32

nos dois sentidos, isto é, nas duas vigas que em i
se cruzam.

g I
L
.l ‘ === :
HIns= |

| LTt ]

h {L:H‘ 'le%| I ; l
THHN== ‘II)/ |
Wi===l||lis L

< E— -
\\.—\ 5/:_/ .2
| 7 &
. 7
R
3

Fig. 6 — Estrutura simétrica, constituida por duas vigas cruzadas
de igual vdo, que sustentam uma laje de betdo armado

Exemplo 2.” — Determinar os momentos no pdértico
indicado na fig. 8, no caso de actuar, normalmente ao
plano da estrutura, uma carga uniformemente distribuida
(vento) de 200 kg/m2, Considerar E= 250 G e as
seccOes transversais das barras, rectangulares de lar-
gura constante 0,30 m.

Teremos nos montantes g = 200 X 0,5 = 100
kg/m e na travessa g’ = 200 X 0,72 = 144 kg/m.

O problema é resolvido em duas etapas, conside-
rando na primeira a rotagdo dos né, sem deslocamentos
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Os momentos de encastramento perfeito corres-

<] J pondentes se:do
Miz— 25 pl?
= a9 P nos montantes
100 X 5,02
M= — = 208,3 kgm para a carga
Ml 12
h t i h o 0,24 El des! t
- M®*=—A = 0, A para o deslocamento
A L N 5.0:
M M
L L ‘ na travessa
L ..L_ 144 X 10,02
2 2 ! ; ¥ — = 1.200 kgm para a carga
q i ! M®= o para o deslocamento A, por razdo de simetria
Por esta mesma simetria tomamos metade da estru-
tura o adoptamos para rigidezes da barra i—j (I, =
qi 72 X 30° 30 x 728
E‘T = 162.000 ¢m3; |, = 'T=
/ El
Mi_: + e 2 A
L = 933.120 cm4),
M". ] rigidez de flexédo
L M
h ‘ : i 2E
Ki-j1 = 5o X 162.000 = 324 E
L ’ 1.000
A L A
L ML 2 E
K. = X 933.120 = 1.866 E
L I i-12" 1.000
— — — '-‘2-"- —
2 rigidez do torgao K;_ 5 = 0

] | 30 X 50

P barra i-h (|, = —— ==
ara a (1, 12
50 X 30%
= 112.500 Aiily = —— —
1 cm 4 12

= 312.500 cm4; I, = 2,60 |, =

= 281.250 cm4), seré

o378 J
i
| D |
: y %00
Fig. 7 — Representagdo dos esforgos que actuam no ndé | da o.50_|| 9,50 || 0.Fo |
estrutura do 1.° exemplo ! |
| —
2 7.
; L ;
no sentjdo perpendicular ao plano da estrutura, e consi- h [~ 1e,00 -k
derando na segunda, etapa o deslocamento A dos nds
i e j, no sentido perpendicular ao plano do pértico. Fig. 8 — Estrutura do 2.° exemple
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Fg. 9 — Sistemas de eixos de referencia e distribuigdo dos
momentos correspondents ao 2.° exemplo

rigidez de flexao

o= —— X 312,500 =2.500 E
’ 50

rigidez de torgdo K; ;- _

25 X 112500 E

Escolhemos os eixos de referéncia x, y em coin-
cidéncia com os eixos das barras da estrutura, e o eixo
z perpendicular ao plano desta, fig. 9.

Para a 1.° etapa teremos no né i aplicados os
momentos b, = — 1200 (*), M,
De acordo com 3’ sera

—2083: M, =o.

M. 208.,3

yi
. | = o= re———— —— —————
¥ W K cos: B 900
M:l
0 4= - —=_— =0
2 W K cos? y

Os momentos de distribuicdo a apljcar na barra
h—i sdo, no wvértice i (quadro 5)

Quadro 5 — Valores caracteristicos do n6 i (2.7 exem-
plo). Eixos de referencia da fig. 9.

Barras i—h i—ij
s
Eixos 1 2 3 |1 2 3
cos a 0 o [-1]-1| © 0 =
cos f3 T 0 0ol]o 0 1 .
cos ¥ 0 1 0|0 : 0 =
K 900| 2.500{225|324|1.866| O
K cos? a| O 0 |225|324| © 0] 549
K cos® (200 © 0|0 0 0 900
K cos* v| 0 [2500]| 0 |0 |1.866] 1 4366
g |m - ~1200 | - 1.200
@
- | My ~208,3 - — 208,33
@
s | M = = e
@
. M? + 0,24El A — + 0,24El A
o~
208,3
Mir—hl = 900 X ——— = 208,3 kgm
! 900
1.200
r s =
Mi 5= —225 X — == — 490 kgm

o no vértice h os momentos transmitidos, ou seja estes
valores multjplicados pelos respectivos coeficientes de
transmissao, 0,5 no 1.° caso por se tratar de flexdo
(eixo 1) e — 1,0 no 2. caso por se tratar de torgao
(eixo 3).

(Continua)

(*} MNotemos que dada a orientagdo dos eixos da referencia, este momento pode exprimir-se por duas maneiras, M, = —1200

ou Midllt + 1200 hgm
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Limite superior do numero de Froude em canais

prismaticos e escoamento uniforme

SUMARIO

O autor estuda a variacao do numero de Froude
em canais prismaticos e escoamento uniforme e a possi-
bilidade de o mesmo admitir um limite superior. Apre-
sentam-se, igualmente, algumas aplicacdoes numeéricas.

1 — INTRODUCAO

O ndmero de Froude & um par@metro importante na
caracterizacédo dos escoamentos em superficie livre de
fluidos incompressiveis. A variacdao do referido paréme-
tro esta dependente do.andamento das curvas de declive
critico em fungao da altura critica. Em determinadas
circunsténcias, o nimero de Froude apresenta um limite
supe:ior cuja expressao se deduz no presente estudo o
qual se refere a canais prismaticos de leito fixo e a
fluidos incompressiveis monofdsicos, em escoamento
uniforme.

2 — NUMERO DE FROUDE EM ESCOAMENTO UNI-
FORME

2.1 — Seccgédo rectangular

No caso de escoamento em canais com seccao
rectangular, o numero de Froude é definido [1] pela
seguinte expressao

u
Vo, 2

(1)

a qual, se transforma, no caso muito corrente de se

poder considerarA = a = 1, na conhecida expressao
u
F = —
Ve h (2)

No escoamento uniforme, a altura podera ser igual,
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SUMMARY

The author studies Froude number range in pris-
matic channels and uniform flow and the possibility of
an uppe: bound for it. Numerical aplications are also
shown.

menor ou maior do que a altura critica, consoante o de-
clive do canal for, respectivamente, igual, superior ou
inferior ao declive critico. Num canal com determinado
declive, largura e rugosidade o regime de escoamento
uniforme podera depender do caudal escoado e da fér-
mula de resisténcia utilizada. No caso do escoamento
ser puramente turbulento, as leis de resisténcia mais
frequentemente utilizadas [2] [3] sdo as que se indi-
cam no Quadro 1.

QUADRO 1
LEI DESIGNACAO EQUACAO
1 Chézy u=c, VR
2 Chézy u=c VRi
3 | Gauckler - Manning U=KR25il12
148R |
4 Karman - Prandtl |U = 5.6 log 4 \(,f gRi
e

‘A aplicagdo das leis apresentadas conduz 3s expres-
sOes para o declive critico que se mostram no Quadro
2. O declive critico & fungdo do caudal por intermédio
da altura critica, através da seguinte expressdo que
minimiza a correspondente & da energia especifica :

3 |
h, = a:
Wy

Sempre que, para um determinado caudal, o valor
i . @ inferior a i, o escoamento uniforme é répido e
o correspondente nimero de Froude superior & unidade.
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Na figura 1 apresentam-se as configuragoes da funcao
i, nos casos 1. 2 e 3. Nas figuras 2 e 3, relativas aos
casos 4, 5 e 6, os valores de i(‘_ sdo epresentados em
funcédo de hL_ e do pardmetro B, para um canal com
secgao rectangular para o qual se utilizou o valor
K = 70 a que corresponde o valor de e = 2.6 mm for-
necido pela expressao

26 6
=i (_x_ ) (4)

citada em [2]. A lei 2 comporta-se dum modo anélogo
ao da lei 3 sendo, contudo, a equivaléncia entre os
pardmetros da rugosidade dependentes da altura h“‘

O tracado das curvas foi efectuado automatica-
mente mediante um programa escrito em linguagem BA-
SIC para um computador H. P. 9830- A, munido de
aplotte:s.

Das figuras podem-se extrair algumas considera-
coes importantes, a saber :

QUADRO 2
Caso Lei Secgédo rectangular Declive critico Figura
1 4 Largura infinita g9 1
(caso de Bresse) o]
hC
2 1 Largura finita B 5 (1 + 2 B ) 1
1
1 1/3
3 3 Largura infinita 2 r 1
K h .
\ [
h 45 1 113
a 3 Largura finita B ____( 142 —= ) 2
B h
C
1 h
5 4 Largura infinita H log (14.8 —) 3
I _of 148 h. h
i ——log: ==l i
6 4 Largura finita B 32 g ( e 1 2 hc)( ) 3
B

NOTA — O valor 14.8B, nos casos 5 @ 6, foi obtida sem terem conta a correccdo proposta por De Marchi [2].

ic
Caso 2
Ll
B>
' Coso
Ll
Cese 3
he
Figura 1 — Andamento das curvas i = = {he} nos casos 1,

2 e 3.

—- No caso 1, o tipo do regime uniforme fica defi-
nido independentemente do caudal escoado.

— No caso 2, o tipo de regime varia consoante o
caudal. Verifica-se a existéncia de um declive minimo
(g/c.’) abaixo do qual o regime é sempre lento. Para
declives superiores o regime comecga por ser rapido,
tornando-se lento em virtude de aumento do caudal.

— Nos casos 4 e 6 ve-ifica-se a existéncia de um

valor minimo ch do declive critico para um determina-
do intervalo de B. Num dado canal (secc¢do, rugosidade
o declive constante), o regime do escoamento uniforme
vai variando consoante o caudal (figura 4).
Para O < Qi o regime é lento (F < 1), para Q entre
Qie Qs oregime é rapido (F > 1), para Q > Qs o
regime é lento (F<1) epara Q = QiouQ=0Qso
regime é critico (F = 1).

—- Quando a largura tende para infinito, tende-se
para os casos 3 e b, verificando-se que Q s tende, igual-
mente, para infinito (figura 4),

— Existem diferencas entre os valores de i forne-
cidos pelas leis 3 e 4 (figuras 2 e 3) as quais, deverdo




|
v.gese

B= 4
il II'| B=5
|
LRI TR |
+ B=8
-
2 ge3n |
B=10
\
e B=12
\
B=15
B.@eze | B=20
B=30
+
B=50
“+
B8 =100
202 —_—tt
2 | 2 E L) 5
heTHD
Figura 2 — Fungdo | =i (h ), para K= 70, no caso 4.
{ c C
LI 4
@ @@sa B=4 B=6
1 | B=8
T
B=10
g
A
=5
B=12
»
B o2@sn | B=15
£ ":"\'}I_,
4 B=20
4
B=310
-
e.auza L B8=50
4 B8=100
- B=eo
el
f 1 2 3 y 5
ALY

Figura 3 — Fungéo ic =5 ic ihc). para e — 2.6 mm, nos casos
5eb
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le
/ Ful ———\
i P
i
Fer | \ E >4
lea __l_"-._____“ -
- |
Tem — i \.H_a/ |
| L |
N F=F I
| ' |
¢ | -‘
. l | |
i i . ] Casos 3eS
: | |
oo
i I | |
| | | |
1 ! | |
he=he (Q1] heshu he = he (@) heshe (05 he
Figura 4 — Andamento das curvas ic = iL_ (hc) nos casos 3,
4,566

ser tomadas em consideracao quando se adopta um
coeficiente de seguranca.

— A aplicagcao da lei 1 ndo @ de aconselhar em
virtude da facilidada de utilizacdo das leis 3 e 4, sobre-
tudo com as actuais mini-calculadoras electrénicas.

2.2 — Seccdo nado rectangular

Para canais com seccdo naoc rectangular a expres-
sao do numero de Froude € semelhante as indicadas
em (1) e (2) com a diferenca de se utilizar h,m em vez
de h_ . Utilizando as leis do Quadro 2 é possivel fazer-
-se 0 tracado das funcoes iC e prever a evolucio do
nimero de Froude, Utilizando a lei 3 pode verificar-se
[3] [4] o seguinte:

Seccao triangular : comportamento andlogo ao caso

3, sem valo: oM -

Seccdo circular : comportamento anélogo ao caco
4, com valor i.p Para uma
razdo altura de escoamento/raio
igual a 0.59.

Seccdo parabdlica : comportomento analogo ao caso
4, com valor iaM para uma de-
terminada altura de escoamento.

Seccao trapezoidal : compo-tamento dependente da
inclinagdo dos taludes e da la:-
gura de rasto. Para um angulo
com a normal inferior a 25° e
uma razao entre a altura de es-
coamento e a largura de rasto
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inferior & unidade, 0o compo:ta-
mento é& andlogo ao caso 4.
Para um valo: da referida razao
supe:ior & unidade, nao ha valor
i .y Mas sim, um maximo, Para
angulos superiores a 25° o com-
portamento é andlogo ao caso 3.

2.3 — Limite superior do numero de Froude em
escoamento uniforme.

Quandc existe um valor i(_ minimo “c!\'.] e quan-
do Q varia entre Qi e Qs (figura 4), o nimero de Frou-
de varia ent:e a unidade e um valor limite F; o qual,
é funcao de i, de B, do expoente y de i na lei de resis-
téncia e do valor i.,,. Efectivamente, o nimero de Frou-
de admite as seguintes transformacgodes, validas para
seccoes ectangulares ou nao rectangulares :

U U i .|

" g l-‘lllT[l U = ‘ £ (5)

Os valores das velocidades e declives criticos U'c
o i'c dizem respeito a um caudal ficticio, ao qual corres-
ponda uma altura critica média de valor idéntico ao da
altu;a uniformo média correspondente ao caudal que se
escoa no canal, O valor FI. co.responderd, para um
determinado i, ao caudal cuja altura h . =h' for-
nega o minimo ic.’\r\ da funcéo it\ . Nesta conformidade,
a exp.essio do limite superior do nimero de Froude,
em escoamento uniforme, é a seguinte:

i
F -
- ( fem ) (6)

0 valor Fy verifica-se quando se escoa um caudal
Q para o qual a respectiva altura uniforme média cumpre
a seguinte igualdade :

i‘r:: ii...\'n - i{.: (hllual (7)
proveniento da funcéao iL_ = i, (h.,) correspondene a
lei de resisténcia utilizada. No caso do escoamento ser
lamina, y = 1.0 e para um escoamento puramente tur-
bulento, vy = €.5.

Ve ifica-se, pela presente exposicdo, que a expres-
saoc do valor F[‘ nao depende, de uma maneira explicita,
nem da forma da sec¢ado, nem da rugosidade de peri-
metro molhado. Pa:a todas as formas de secg¢do que
edmitam a existéncia de valores estaciondrios nas fun-
coes i, e F, é sempre possivel, pelo menos teoricamen-
te, a determinacaa fo.mal das expressdes cor;espon-
dentes a i 8 a F| . O caso 4 pode considerar-se de
facil tratamento analitico vindo pa:a a primeira expressio

g
[oae= 287 ———
eM K: B 15 (8)

a qual intoduzica na expressao (2) conjuntamente com

a lei do resisténcia 3, permite obter a seguinte expres-
sdo de F
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116 2/5

F= 1.633 /i, 2 hy
Ve ey

lem

(9)

h
cuja derivada, em ordem a Tu , se anula para um

valo; desta varidvel igual a _6_0 qual substituido em

(8) conduz a expressdo j& deduzida para F; . E de
referir que este caso pa:ticular foi j4 apresentado em
[4] néo tendo, contudo, merecido da parte dos autores
do artigo citado, a generalizagdo que o assunto permite.

O calculo analitico dos valores de iy e Fp . em
cada caso particular, ndo parece ter grande interesse.
Efectivamente, sendo a expressdo (6) aplicdvel a qual-
que’ forma da seccdo ou lei de resisténcia, a determi-
nacao de icM devera ser efectuada por via grafica, em
virtude do grande interesse pritico que as cuivas, do
tipo das apresentadas, possuem e do discutivel rigor
nas escolhas da lei a utilizar e do coeficiente de rugo-
sidade a adoptar. A representacdo grafica da funcéo
i, permite uma rapida averiguacao do regime de escoa-
mento para um determinado Q, do sentido da variagao
da F quando se altera o caudal ou as caracteristicas do
canal @ o calculo iterativo de hum ou hcm (assunto
tratado a seguir, na seccio 3).

Em escoamento ndo uniforme a expiessdo (5) é
valida desde que i seja substituido por J. Atendendo a
quo a perda de carga unitdria deixa de ser constante,
deixa, igualmente, de existir um limite superior para
o nimero de Froude.

3 — DETERMINACAO DA ALTURA UNIFORME

A funcédo ic pode ser utilizada na determinagao
da altura uniforme através das expressdes que se podem
deduzir para o nimero de Froude. Efectivamente, o
par@metro em causa, pode ter a seguinte expressao,
para um dete:minado caudal Q,

3
) a hem (E)
A e Bu
B.H. vah 3
u um (/9 N Bl (10)

a qual, em conjunto com a (5), permite a determinacao,
por via iterativa, da altura h“m, se se conhecer a funcédo
i. correspondento a forma da seccdo. Para seccgdes
ractangulares, as alturas médias coincidem com as
alturas reais e Bc é igual a Bu, tornando-se o célculo
relativamente facil (em 4 apresenta-se um exemplo
numérico). Dum modo semelhante, pode-se determinar

h., se se conhecer h“m.

4 — APLICACOES E EXEMPLOS NUMERICOS

O conhecimento do limite superior do nimero de
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Froude pode ter muito interesse para o projectista,
em virtude de muitos dimensionamentos, nos escoamen-
tos em superficie livre, dependerem desse pardmet;o.
Citam-se, entre outros, os seguintes problemas: condi-
¢oes de entrada numa bacia de dissipacdo, estabilidade
externa do escoamento e condicionalismos na variacdo
de largura de um canal ao longo do seu percurso.

O dimensionamento de um canal no qual o nimero
de Froude nao possa ultrapassar um determinado valor,
torna-se possivel desde que a fungdo i. admita um
minimo absoluto, no intervalo de caudais de interesse.
As figuras apresentadas, ou outras correspondentes a
diversas formas de secg¢do, permitem a escolha de B e
de i mais convenientes. As mesmas figuras possibilitam
o célculo da altura uniforme para um determinado caudal.

Ap:esentam-se alguns exemplos numéricos em ca-
nais com secgao rectangular com K = 70, lei de resis-
téncia 3 e escoamentos uniformes (caso 4).

Exemplo 1 — Pretende-se que o nimero de Froude
nunca exceda o valor 2. Da expres-
sao (6) vira i << 4 I‘:M Para uma
largura B = 6 m o declive do canal
tera que ser i < 0.011 B (figura 2).
Para uma largura B = 4 m vird para
o declive i < 0.0134.

Exemplo 2 — Num canal com i = 0.0060, Q = 12
m® s-' @ B=4m, pretende-se deter-
minar o valor de h;. Ao caudal indi-
cado corresponde uma altura critica
h, = 0.97 m. Por via iterative, ob-
tém-se os valores h =h' =080
m e i'c = 0.00337. Pela expressdo
(5) corresponde um numero de Frou-
de de F = 1.33, Utilizando o0 mesmo
valor de h, vira, pela expressao (10),
F = 1.34. Para um célculo expedito
pode considerar-se como boa apro-
aproximacéao h, = 0.80 m.

Exemplo 3 — Para o mesmo canal do exemplo 2
{com i = 0.0060 e B = 4 m) preten-
de-se determinar o valor F; . Pela
figura 2 ou expressdo (8), obtém-se
icM = 0.00336 e, pela expressao
(6), obtém-se F; = 1.336.

5 — CONCLUSOES

As consideragoes expostas permitem concluir que,
para determinadas formas e dimensdes das secgoes,
existe um valor limite superior do nimero de Froude
cuja expressdo geral é de facil aplicacéo desde que se
conhegam as fungdes do declive critico com a altura.
Este limite superior existe quando hd um valor minimo
para o declive critico. A representacdo grifica das refe-
ridas fungbes permite uma facil compreensdo da evolu-
¢do do nimero de Froude e podem ser um Util auxiliar
no dimensionamento de canais de leito fixo, em escoa-
mento uniforme.
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7 — NOMENCLATURA

F  — Numero de Froude ;
By — Limite superior do nimero de Froude :
T Altura uniforme :

i — Altura uniforme média ;

h
h
h — Altura critica ;
h

[+

i Altura critica média ;

h’. — Altura critica com valor igual ao da altura
uniforme ;

h' — Altura critica média com valor igual ao da

ocm
altura uniforme média ;
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0 —- Caudal ;

Qi — Caudal limite inferior do regime rapido ;
Qs — Caudal limite superior do regime rapido :
R — Raio hidraulico ;

i —- Declive do canal ;

lc —- Declive critico ;

I-:Q — Declive critico correspondente ao caudal Q;

faw— Declive critico minimo ;

i — Declive critico correspondente a h'c ou h'

BL — Largura da secc¢ao rectangular; o

B, — Largura superficial em escoamento critico;

Bu — Largura superficial em escoamento uni-
forme ;

C. — Coeficiente de Chézy, independente de R ;

C — Coeficiente de Chézy ;

K — Coeficiente de Gauckler ; \

e — Rugosidade absoluta ;

g — Aceleracao da gravidade ;

U — Velocidade média ;

U'c — Velocidade média correspondente a h'c ou

h'em ;

J —- Perda de carga unitaria ;

a  — Coeficiente de Coriolis ;

y — fcoss, com 3 Coeficiente de Jaeger Man-
zanares e # angulo de fundo com a hori-
zontal.
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“Do Conhecimento e da acg¢do”

COMENTARIO

Respondendo aos comentéarios que o Eng. Medina Mar-
tins fez o favor de fazer ao artigo «Do conhecimento e
da ac¢ao» publicado no n.” 429 da Revista «Técnica» e
porque esses comentdrios vdo permitir um esclareci-
mento mais completo do pensamento que enformou o
referido artigo, venho solicitar, com a autorizagao do
referido Engenheiro, & Direccdo da «Técnica» a publi-
cacdo do seguinte:

1." Comentério :

A descrigdo dos «seres» tal como apresentados no
artigo, afiguram-se estdticos e ndo dindmicos.

Resposta :

Um dos aseres instrumentos» a que €& necessario
reco.rer na maioria dos problemas reais é o crondmetro.

Assim, um dos atributos do «universo dos seres» é
o Tempo. — (cronos).

O Cronémetro e o respectivo atributo, o tempo,
pode ser usado de duas formas tipicas :

a) No espaco imagem do «ser em observacaon
ndo estd incluido o tempo.

Neste caso o tempo é o atributo de um outro «se:»,
o c:ometro.

E entdo possivel estabelecer uma correspondéncia
entre as imagens do «ser em observacdo» e as do crome-
tro que desempenha aqui a funcdo de «ser» auxiliar.

Esta correspondéncia vai autorizar construir imagens
derivadas ou integ.ais em relagdo ao tempo.

O Tempo toma a configuracdo de um atributo uni-
versal e independente dos objectos em observacio.

Na mecéanica cldssica, todos os crometros sdo sin-
cronos, o tempo é universal.

b) No espago imagem do aser em observacao»
estd incluido o atributo — tempo.

O «ser em observacao» também é ou também inclui
um c:ometro que lhe é préprio e que da origem ao
tempo desse ser.

Pode até comparar-se o «tempo do ser» com O
«tempon dado pelo crondmetro do laboratério.

TECNICA 432

A teoria da relatividade prevé que os dois «tempos»
ndo sejam sincronos e oferece um conjunto de justifi-
cagoes: aceleragdes, velocidades elevadas etc.

O que importa reter na hip6tese b) é a distingdo
entre o «tempo do ser» e o «tempo do crondmetro do
laboratdrion.

Resumindo a resposta ao 1.° comentario diremos
que a discricdo dos aseresy é estdtica ou dinamica con-
forme o atributo tempo é tomado em linha de conta, quer
como atributo de um ente auténome — o cronometro
— quer como uma propriedade do préprio «ser em obser-
vacaon.

2." Comentario :

Como intervem o conceito de tinvariancia» de um
dado «se'» 7

Resposta :

O conceito de invariancia é sempre relativo.

O teste da invariancia envolve as seguintes opera-
coes :

Definicdo do sistema de fungdes ou funcionais da
wimagem» do «ser» cujas invariancias se deseja verificar,

Definicdo de um outro sistema de funcdes ou fun-
cionais da imagem do «ser» que se modifica arbitraria-
mente, embora possam essas modificacoes estar sujeitas
a um conjunto de restricdes (holénomas ou anholénomas.

Formadas estas duas classes ha que testar se todos
os membros da 1.* classe se mantém invarianies, qu>n-o
um, vérios ou todos os menbros da 2.* classe tomam
valores arbritdrios apenas limitados pelas restricoes
holénomas ou anholénomas referidas.

Um exemplo é o da invariancia temporal, onde o
tempo é um membro da 2." classe, que se faz variar
arbitrariamente, nomeadamente inverté-lo.

Outro exemplo, é a dos vectores-n, como o volume,
am espacos equivoluminares; com efeito, o tensor q° &
invariante na classe X" dos espacos equivoluminares.

No entanto a invariancia de um atributo em rela-
cdo a um outro ndo significa, obviamente, que o seja
em relacao a todos os outros; dai que a invariancia
tenha caracter relativo.
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Resumo dos Artigos publicados na «Técnica» n.° 432
Ano LI — Janeiro 1976

C. D. U. 5632.516:518

E. R. ARANTES E OLIVEIRA
CONVERGENCIA DO METODO DOS ELEMENTOS FINITOS

APLICADO AOS ESCOAMENTOS VISCOSOS
Técnica N.» 432 — LI — 1-1976, p. 139 a 154

Resumem-se primeiramente os resultados de uma teo-
ria  dos metodos wvariacionais cuja  utilizagao  per-
mite a analisa da convergéncia do método dos elementos
finitos aplicado ao escoamento de um fluido viscoso regjdo
pelas equagoes de Navier-Stokes. O método empregado re-
quer a decomposicdo do fluido em dois corpos mais sim-
ples: um fluido viscoso sem inércia e um fluido com inércia
mas sem viscosidade. Apresenta-se para este Gltimo um
novo principio de minimo,

C. D. U. 624.074
J. 5. BRAZAO FARINHA
CALCULO DE ESTRUTURAS RETICULADAS NO ESPACO
Técnica N.» 432 — LI — 1-1976, p. 155 a 166

Expbe-se sucintamente a aplicacdo do método de
Cross na resolugdo de estruturas espaciais, constituidas
por barras de momento de inércia constante ou varidvel,
de eixo rectilineo, ortogonais entre si, ou néo.

Apresentam-se alguns exemplos de aplicacdo.

C. D. U. b32.54
ANTONIO BETAMIO DE ALMEIDA

LIMITE SUPERIOR DO NUMERO DE FROUDE EM CANAIS
PRISMATICOS E ESCOAMENTO UNIFORME

Técnica N.© 432 — LI — 1-1976, p. 167 a 172

O autor estuda a variagdo do ndmero de Froude em
canais prismaticos e escoamento uniforme e a possibi-
lidade de © mesmo admitir um limite superior. Apresen-
tam-se, igualmente, algumas aplicagbes numéricas.
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Synopsis of articles published in «Técnica» n.° 432

LI —January 1976

U. D. C. 532.54
ANTONIO BETAMIO DE ALMENDA

FROUDE NUMBER UPPER BOUND IN PRISMATIC
CHANNELS AND UNIFORM FLOW

Técnica N.o 432 — LI — 11976, p. 167 a 172

The author studies Froude number range in prismatic
channels and uniform flow and the possibility of an upper
bound for it. Numerical aplications are also shown.

U. D. C. 532.516:518
E. R. DE ARANTES E OLIVEIRA

CONVERGENCE OF FINITE ELEMENT SOLUTIONS
IN VISCOUS FLOW PROBLEMS

Técnica N.o 432 — LI — 1-1976, p. 139 a 164

Results of a theory variational problems are first
summarized. The theory is then applied to the analisys of
convergence of the finite element method applied to the
flow of a viscous fluid governed by MNavier-Stokes equa-
tions. The approach requires the decomposition of the
body into two simpler ones: a viscous non-inertial fluid
and an inertial non-viscous one, the mechanical behaviour
of which is governed by minimum principles. A new mi-
nimum principle is presented for the inertial non-viscous
Huid,

U. D. C. 624.074
J. 8. BRAZAO FARINHA
ANALYSIS OF SPACE FRAMES
Técnica N.o 432 — LI — 1-19786, p. 1556 a 166

I: is succintly stated the application of the Cross
method on the resolution of rigid space structures, consti-
tuted by bars of constant or variable inertia, of rectilinear
axlc, orthogonal between them, or not.

Some application examples are presented.
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