5. ESTRUTURACAO DO MODELO

Cada unidade de exploragdo teri de ser desmontada de baixo para cima em sucessivos «cortes» ou
cplantas», de altura fixa ao longo de toda a vida do jazigo e comum em todas as suas unidades de explo-
racio, fixacdo essa que € consequéncia da normalizacio do material de perfuracio a usar e da forma de
carregamento dos tiros de cada pega de fogo. A tonelagem assim abatida, em cada «cortes ou «¢plantar do
cut and fill», é fungio apenas da secgio do «céu» de cada cAmara de desmonte e nao da sec¢ido do <«céus
da unidade de exploracao e serd constante em cadaccortes ou <planta» dessa mesma camara, pois em ter
mos médios genéricos pode-se dizer que a seccio de cada cAmara é constante ao longo de toda a sua vida
(a excepgdo a esta generalidade sdo as «franjas» do jazigo).

Por motivos de seguranca é conveniente ter-se sempre cheias de minério as toldas de descarga, isto €,
ao dar-se inicio ao carregamento do minério abatido em dado «corte» ou «planta», a tolda da camara
devera estar ainda chela com o ultimo minério carregado do «corte» ou «planta» anterior e, ao terminar
o carregamento do minério abatido, deve ficar por retirar da tolda o minério suficiente para que a tolda fique
cheia até ao inicio do carregamento do «cortes ou «planta» seguinte. Assim, desprezando o inicio e o final
da vida de cada piso, é licito considerar que em cada fase de carregamento de minério, a quantidade total
«carregada» da unidade de exploragio é exactamente a quantidade abatida por «corte» ou «plantas, para
além apenas do acréscimo de altura das toldas de «cortes para <corte» e que € verdadeiramente insigni-
ficante em face da tonelagem movimentada em cada fase de carregamento.

Portanto, a cada fase de carregamento na cdmara corresponde igual periodo de carregamento de

vagonas na galeria de rolagem, vagonas essas que serdo comboiadas para o pogo de extraccio. A este
T,

pogo chegard, com origem na unidade X,, a tonelagem = em cada fase de carregamento de cada uma das

camaras da unidade, admitindo igualdade no valor da seccio de cada uma daquelas duas cAmaras de des-
monte (a excepcgido a esta generalidade sao ainda as «franjasy do jazigo).

Adicionalmente é condicdo desejavel a utilizacdo de frota de rolagem constante, quer de locomotivas,
quer de vagonetas, em cada piso, mas compativel com a condicdo imposta da constdncia de e, com plena
utilizacio durante toda a vida do piso (ou parte do mesmo).

Nestas condicoes, € aplicivel o teorema:

«As condigdes de exaustao do jazigo (piso, no nosso caso) e a de manutencio da frota constante
implicam que o centro de massas do jazigo se mantenha constantes.

Este teorema esti devidamente demonstrado pelos autores que temos vindo a citar na sua 2. comu-
nicagio ao I CHILAGE, intitulada «Um método de programacio de desmontes», e é aplicivel ao caso que
apontamos desde que se admita o que se tem vindo a expér.

Mas a estacionaridade da frota de rolagem utilizada nio deve ser o unico objectivo, pois interessa
que o desmonte seja conduzido por forma a manter estacionirios outros parametros como, por exemplo, o
teor de um dado elemento no tal-qual extraido do piso. E os mesmos autores, no mesmo trabalho citado, gene-
ralizaram a aplicagio do teorema anterior para quaisquer outros parametros, através da consideracio de
que o valor médio do parAmetro escolhido (qualquer que seja o pardmetro, repita-se), com o minério todo
do piso explorado por um funico acto de exploracdo, define um o como a distdneia a uma origem arbitraria
de um novo centro de massas no espago dos valores do pardmetro escolhido (teores de um dado elemento,
por exemplo); portanto, para que o centro de massas, nesse espa¢o se mantenha estacionirio (isto é, apéds
cada acto de exploracdo, o piso quanto ao pardmetro escolhido, seja uma réplica do piso original) e para
que o valor do parimetro escolhido do minério transportado se mantenha constantemente igual a o, é neces-
sirio que, em cada acto de exploracio se verifique:

~

_.BI @

Z e

E assim se construird um sistema de equages que representa o conjunto de relacdes estruturantes
que definem as associacdes permitidas entre unidades de exploracio de cada piso, reduzindo substancial-
mente o nimero de combinatérias possiveis. Estd assim ultrapassado o método aproximativo classico, que
supde a massa do piso concentrada no seu centro de massas e arbitra a distincia desse ponto ao ponto de
descarga (pogo de extracg¢iio), resolvendo, em primeira aproximacgio, o problema da definicio da frota, mas
nada dizendo sobre a distribuicdo da frota de modo a manter constante o centro de massas do piso nem
as caracteristicas médias do material desmontado e extraido; para além de passarmos a possuir um método
cientifico, abandonando o cardcter aproximativo do método classico. Note-se ainda que, quanto maior for
o numero de parametros considerados, maior é a complexidade do célculo dos fluxos de minério das diver-
sas unidades do piso, e a aproximacio clissica é incapaz de resolver o problema de forma aceitivel.
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Por outro lado, o método cientifico exposto permite sempre, pelo menos teoricamente, encontrar a
solucdo ideal para aquele problema, bastando para tal resolver e encontrar a solugio do sistema de equa-
c¢oes constituido pelas relagdes estruturantes que definem as associacdes permitidas entre unidades de explo-
racio de cada piso, nas condigdes ja referidas anteriormente; registe-se que este serd um sistema de g
equacgdes a g incognitas, sendo g o namero de pardmetros considerados. Teoricamente haveri solugdo para
este sistema de equacgdes, mas é evidente que a sua compatibilidade pratica, em geral, nio existird, pelo
que a resolucdo de um problema concreto ter-se-4 de fazer pela seguinte forma:

a) & custa de uma das equacdes apenas, definir as combinacbes possiveis;

b) das combinacdes possiveis anteriores considerar apenas aquelas que satisfagcam a uma das equa-
coes restantes, obrigatoriamente mais fraca que a equacio considerada em a);

¢) e assim sucessivamente até ao ponto desejado, mas tendo em atencdo que, quanto mais avan-
carmos na restricio da combinatéria, menor serd o nimero de combinagbes possiveis.

Assim, a sensibilidade do calculador manifestar-se-4 na escolha do ponto de paragem na sucezsiva
restricio da combinatéria, mas havera sempre a possibilidade de se recorrer ao aumento do desvio admissi-
vel (1) para cada parametro, de forma a elevar o nimero de combinac¢des utilizaveis.

Para além das restricoes assim impostas, hid sempre ainda a possibilidade de impér outras restricées
de natureza tecnolégica, que também irdo diminuir o mimero de combinagdes permitidas. ® o caso, por
exemplo, da existéncia obrigatéria de uma pa auto-carregadora em cada unidade de exploragio e que nio
podera trabalhar simultaneamente nas duas cdmaras da sua unidade de exploragido, pelo que serao elimi-
nadas combinag¢tes de unidades que conduzam a excessivas ou deficitdrias necessidades de carregamento.

6. PLANIFICACAO DAS FROTAS E SUA DISTRIBUICAO

JA anteriormente referimos, mais de uma vez, o interesse e a necessidade de determinacdo da frota
ideal para a exploracdo racional de um jazigo, logo de um piso no nosso caso. E temos de distinguir os
dois tipos de frota existentes numa lavra subterrdnea: a de carregamento e a de rolagem. Ambas impor-
tantes e com o mesmo grau de indispensabilidade. Vamos referi-las separadamente, embora para ambas o
problema se possa equacionar com um objectivo idéntico: estabelecer a frota necessaria para a taxa e ren-
dimento constantes, desmontar totalmente o piso em causa e, posteriormente, distribuir por esse piso, ao
longo do tempo, essa frota, ou seja, estabelecer as taxas de desmonte em cada unidade de exploracio de
forma a manter constantes as caracteristicas consideradas na estruturacio do nosso modelo tal como foi
feito em 5.

6.1. FROTA DE CARREGAMENTO

Como condicio prévia aceitamos que a frota ¢ constituida, em cada piso, qualquer que seja o seu
nimero de unidades de exploracéo, por pas auto-carregadoras iguais.

Segundo um esquema do tipo do constante da fig. 5, um ciclo da pi auto-carregadora, na fase de
carregamento de minério, na unidade X, do piso i, é definido por:

]-Y t(J\’r I Iix

x v v
e a capacidade de transporte, na unidade de tempo, dessa pé auto-carregadora é dada por:

A — gy

i A
x 29 te V -+ ]ix

(1) — O desvio y admissivel, por exemplo, para o caso do parimetro a € introduzido na equacio definidora de «
do seguinte modo:

-
_.El a

-
=8,
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e o namero de pas auto-carregadoras é dado por:

—na unidade Xi:
e e g LY e 46 L
x x x
I‘ll = — = ——
x Pi ? 7 gy,
x
—no piso i:
. 1
n=3n = ye 7
X ? n x X

mas este somatoério Eejx @ € reduzido, no maximo, a dois termos, porque, para se manter a produgao
com caracteristicas médias semelhantes ao longo do tempo deve bastar trabalharmos com o minimo de

P— ponto de carga; O— tolda (ponto de des-
carga)
OP— distancia a percorrer em vazio
PO— distdncia a percorrer em carga
1,,= OP + PO —distdncia de carregamento a
(caMARA A) considerar na unidade X,

Fig. 5

Esquema de um ciclo de uma pid auto-carregadora
na fase de carregamento na cimara A da uni-
dade X,

duas unidades de exploracdo diferentes simultaneamente (o uso de maior nimero de unidades devera compli-
car a rolagem no piso, exigindo grande disciplina de utilizagdo do equipamento, sinalizagdo especial, etc...).

Eliminando % x teremos:

: § e tv+E e 1,
n, =2mn, = == e, (tv+1,)= —-q;n;— —-
pois por definicdo, e, = X e,
A frota constante no piso obriga-nos a que n, = constante, para o que terd que ser = e, Lx = cons-

tante = Z, constante esta (Z) que ird, verdadeiramente, determinar a frota, pelo que ha que lhe atribuir um
valor para esse efeito. Essa atribuicio é feita considerando que a exploracio do piso i em questio é uma
sueessdo no tempo de actos de exploragio e que em cada um desses actos deve ser cumprida a mesma
constancia de Z;

Se assim for é sempre possivel explorar o pizo até a exaustdo (1). A totalidade dos actos de explo-
ragao, conduzindo A exaustio do piso, exprime-se por:

M2 =32 Rl

(1) — & evidente que nio se explorariio os pllares, macicos de proteccio, ete., nio considerados quando se fala em
exaustio de um piso e nio contabilizados nas reservas explordveis,
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onde m representa o namero de actos de exploracgio:

:‘:e|x 1; +E€1x Lo A 3 Elx llK =3R’! l]x

X x

mas como ja temos:
Ze,=e
— % T
me=23 R.!
pode-se escrever:

ZZR,=¢ IR,

x

Z=e L ousejaXe 1l =¢L

donde:
= 2y 1;1
L, =

ey

e a frota necessaria fica definida por:

B e, (vt, + L,

n[—

(A)
oV

pois ja tinhamos provado que:

e, tv+2Z el

n, =

enVv

Para esta definicio do calculo da frota mecessiria (n;) para desmontar todo o piso i ser coerente,
resta demonstrar a afirmagio feita anteriormente de que era possivel desmontar a totalidade do piso por
actos elementares de exploracio, obedecendo a condigio

Z=Z e, I, = constante
ou:
Z e, L,
L, =
ey

mas tal ja fol feito pelos autores que temos vindo a citar ma sua comunicacdo «Um método de progra-
macao de desmontes» ao I CHILAGE, para o que bastou partirem da definicdo do centro dz massas de um
jazigo (piso, no nosso caso) no inicio do seu desmonte:

Y =
= R, 1, =R, L onde Y & o nimero total de unidades de exploragio em consideracdo no piso i.

Em resumo, a frota escolhida de acordo com a relagdo (A), que representa a frota necessiria para
desmontar um piso € a estritamente necessiria e trabalhari a rendimento constante, desde que se tomem
disposi¢bes para permitir que o valor de y adoptado em (A) seja o efectivamente verificado na pratica;
os actos de exploragio podem incidir, em gqualquer momento, sobre quaisquer unidades de exploracio desde
que a condicio X e, 1, =e, L, seja cumprida e, como coroldrio, L, manter-se-4 constante ao longo da vida
do piso.

Temos, assim, a frota de carregamento definida, constante ao longo do tempo de vida do piso i, capaz
de desmontar o piso a taxa de exploracio e,. Resta definir a distribuigdo dessa frota, mas para tal, intrin-
secamente, basta que essa distribuicdo satisfaca a relacdo:
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ja atras referida. Mas para que o piso forneca sempre minério com caracteristicas constantes e iguais a
normalmente, dizem respeito a rendimentos

média global, haverd que satisfazer outros requisitos. Est

em peso e a teores de dados elementos quimicos, mas sejam eles quais forem sdo de considerar cada um

como um dos paramtros o largamente debatidos atras quando tratdmos da estruturacdo do nosso modelo.
Por exemplo, em matéria de um rendimento em peso p como parimetros teriamos:

e, de seguida, em matéria de um teor de concentrados C como parametro teriamos:

< o 1
- E x Hig Cr_‘

¥ p :
- B, i,

e assim sucessivamente até possuirmos o sistema de equacdes falado quando da estruturaco do nosso modelo,

sistema esse que uma das equacdes sera a ligacio:

e recorda-se que para satisfazer simultaneamente todas as equagdes do sistema devera ter de se admitir uma

certa variacAo em todas ou em algumas das caracteristicas consideradas (& a questao falada de termos

0 = ¥ ).

6.2. FROTA DE ROLAGEM

Como condigio prévia teremos de aceitar novamente que, em cada piso, o equipamento disponivel
(locomotivas e vagonas) séo iguais.

A fig. 6 procura representar um ciclo de rolagem normal no piso i, ciclo esse que é definido, em relacio
a4 unidade de exploracdo genérica .\'I, por:

y (K41)d, Kv,t, + (K41,
z, f, e, +t=4d | ' g L )ﬂi_rl — 4t = d
X = g ) =\ Va v ’ K v ) K v,
x X 2 ! 1
,-_I- =S --—\5 [I.--—-—F—__h
JI Ci { i X I ¢ II— ponto de chegada das toldas das duas caima-
| :l | ras de cada unidade de exploracio.
_FTT ;TIH . d, — distancia de rolagem para o minéric da uni-
- ~ dade X,.
Fig. 6

Esquema de um

¢ a capacidade de transporte, na unidade de tempo, de uma locomotiva é dada por:

' 0 2 0K vy
'—"1‘ Kov, t, + (K i-I|\li

Por diversas razoes, entre elas de seguranca, deve-se procurar que cada pigo tenha em funcionamento
na mesma unidade de tempo apenas uma locomotiva, a qual durante o relevo estaria em constante vai-vém,
podendo completar N, ciclos ou composi¢ies no pizo i:

N,=N,+N_,+ ..+N_+..=3N
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Cada composigao deverd, quando em carga, transportar a capacidade maxima de transporte da loco-
motiva logo, para obtermos na arreagio do piso o nosso objectivo e, terdo de 14 chegar N, locomotivas:

e =N, p; =2 Ny, pr,

e porque e; = I e teremos:
8 G K v, t K4 1)d

« € e, . AN 1 . ’ 1 . 1t ( '|')5x
b =% = ¥ = e — Al - = =

i P91 g p‘l s <=_‘l " C.’I "w o o- Ix 1x ?! - ]x K v,

X
[Kv, t, + (K +1)djx] e Kv, -+ e (K41)d;_ e K v, ty+ (K + 1) Se,_d,_
= N o " = - = -
< %1y ¢ K, ¢ K v o n K v,

Segundo o raciocinio que tem vindo a ser aplicado N, terd de ser constante, o que implica a cons-
tancia de

o —
- eix d'!( VA

e, por analogia com o que se passou com a frota de carregamento, teremos:

mZzZ =2R,d

Ly

onde m continua a representar o nuimero de actos de exploracao.

Desenvolvendo:

ZIR,=¢ 2R, d

fx

Z=e¢; D} =X i, d,x

= e d,x

[l
i e

e o namero de locomotivas necessirias fica definido por:

e, Kv, t. +(K+1) ¢, D, e, [Kv, t,+(K+1) D]

N. = = (B)
i l?l ?I'KVI q]. v'KV,

admitindo-se como verdadeira ji a possibilidade de desmonte da totalidade do piso por actos elementares
de exploracdo e devendo apresentar-se o mesmo tipo de consideragdes apresentadas quando abordimos a
frota de carregamento (7" efectivamente verificado na pritica e, consequentemente, teremos 3', constante
ao longo da vida do piso).

Para este caso da rolagem, resta determinar apenas o nimero de vagonas que cada composicio
comporta, o que € ficil pois tendo sempre vagonas iguais, de capacidade 1til, em peso, gq’, teremos ape-

nas que dividir ¢’ (capacidade da locomotiva) por q’, Isto significa que cada composicio transportari

vagonas, havendo que determinar, em fungido de N, e do tempo de carga e descarga de cada vagona,
o nimero de vagonas que existird no piso, pois se admite que a locomotiva nio espera, isto é, chega com
uma composicio carregada a4 arreacdo do pogo e logo deveri partir com outra composicio vazia e vice-
-versa junto ao local de carregamento das vagonas de forma a respeitar as condicdes introduzidas (t, ser
constante, termos apenas uma Ilocomotiva no piso, etec.).

E evidente que na busca da melhor solugio para esta questio se encontra como nimero de com-
posicdes minimo possivel 2+6, sendo 6 o mimero de unidades de exploragdo em actividade de carrega-
mento simultaneamente, E este namero é dito minimo porque para tal é necessirio que seja possivel carre-

t

gar uma composicio durante um ciclo de rolagem menos —3, admitindo a igualdade de tempo gasto no
2
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carregamento de uma composicio e da sua descarga na arreacdo, isto é, tanto a carga como a descarga
terdo de ter duracado inferior a:
d, d,
4 T 'x :
—|—1rE +1 =24+ =+
) x X 2 v,

t

*

K+ 1
- (le ; . + 1
Kv, Ny 2

Este modelo € um dos varios possiveis, pois pode admitir-se, por exemplo, a assisténcia das loco-
motivas ao carregamento das composigées, entre outros modelos.

Como mnota final, no que diz respeito a frota de rolagem, ndo queremos deixar de referir o célculo
do nimero de vagonas que ha que encher para a satisfacio da totalidade de minério carregado pelas
pis auto-carregadoras em dado periodo de tempo, Em cada ciclo da pa auto-carregadora € colocado, na

tolda de descarga, minério suficiente para o enchimento de , vagonas, numero de vagonas este que

4 iE
pode ou nao ser suficiente para o preenchimento de uma composicio de vagonas. Como cada composigao
(j;'
tem , vagonas teremos que:

q

se p=¢' em cada ciclo da pa auto-carregadora encher-se-4 uma composicao;
se g >¢' em cada ciclo da pad auto-carregadora encher-se-i mais do que uma composigio (exac-

tamente — composigoes); e |
—p < o' em cada ciclo da pa auto-carregadora encher-se-& menos do gque uma composi¢io (exacta-

mente -‘-{- de uma composicio).

@

A situagho ideal seria a de ¢=g¢', pois isso significaria que de cada vez que se completasse um
ciclo da pa auto-carregadora teriamos de ter carregado integralmente uma composicio de vagonas, para
se respeitar o principio de seguranca de manutencio das toldas de descarga de minério sempre cheias.

Mesmo matematicamente é esta a hipétese mais cémoda, pois a igualdade de ¢ e ¢' arrastari a possi-
bilidade de fécil relacionacdo entre n, e N, tal como estes valores se expressam em (A) e (B), tudo depen-
dendo das velocidades v e v, e das distincias médiasr‘ e ﬁi'

A 2 hipétese (p > ¢') nfio é usual, pois ela significa que as composigbes de vagonas sao muito
pequenas, o que é anti-econdmico, pois exigiria grande numero de locomotivas (todas de pequena capa-
cidade) e aumento da mao-de-obra respectiva.

A 3. hipétese (g<y') é a mais usual e nela verifica-se que o namero de ciclos da pid auto-carre-
gadora para encher uma composicdo ¢ dado por:

enquante gque a producgéo horaria de uma composicio é:

P, = . B N
iy 5 T ¥ T
z'x zix
desde que g'| esteja expresso em minutos. Isto significa que o nimero de composices necessarias, numa

x
hora, para a unidade X,, é dada por:

e, € Z‘i e, z'!
N = X — x x ~2 x x

* |’l 60 _ % N‘_ 00 _ &t

desde que a unidade de tempo h, a que se refere a taxa de desmonte e, seja a hora. Posto isto, & ficil
ter o nimero de vagonas a encher, pois ji vimos que ele se relaciona com ' da seguinte forma:

. = I'x x .!
entdo, numa hora, ha que encher na unidade XI — ., vagonas, a que correspondem e
tr“.\'\\l ]‘i 60_ o
X '
composicdes, sendo também estes os numeros de vagonas e de composicdes provenientes da unidade X,

que chegam durante uma hora a arreagdo do poco de extraccio do piso i.
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7. POCO DE EXTRACCAO
Seguindo agora raciocinio andlogo, teremos como ciclo no pogo, para o piso i:

H, H, H, TV +2H,
v, TR v

z =T 4+ -

r|l ] d
desde que H, seja a profundidade do piso i e que a velocidade de subida (v, =V) seja igual a veloci-
dade de descida (v, = V), o que é normal, pois é normal a existéncia de pogos com dois canais tendo skip
ou uma jaula em cada canal a actuarem em simetria; mesmo que assim ndo aconteca e exista apenas um
skip ou uma jaula temos uma velocidade média V vilida para aplicacdo ma férmula.

Em 4 ja tinhamos definido, para o pogo de extraccdo os seguintes rendimentos:

E,
r, = 2 —— _5 (rendimento real, em relagdo ao piso i, durante o tempo h)
e
ry
Ty = — = (rendimento hordrio real da extraccao, durante o tempo h, em relagido ao piso i)
h

pelo que a sua capacidade de extracgAo do piso i na unidade de tempo é dada por:

?p I.||| ¢ r h V

A ¢ ~ TV42H,

Esta capacidade de extracgdo, numa hora, tem de equivaler a4 produgio horaria do piso, produgio esta
proveniente de © unidades de exploracio em actividade de carregamento simultaneamente. De cada uma
€
daquelas unidades X, chegard, numa hora, =5 composicoes e a totalidade de composicdes chegadas a
P,
arreacdo do piso, numa hora, serda
(5] €iy
z
i=1 p

ix

Como cada composigdo tem a capacidade ttil ¢’ teremos na arreagdo do piso, numa hora a seguinte
producao:

0 e
Py = q’l =
i=1 P,K

b 4

Para a totalidade do jazigo, com n pisos em actividade servidos por este pogo, teremos uma possi-
bilidade de extraccio de:

B =
i

T

1

| M

a qual é repartida pelos diversos pisos em funcio das caracteristicas pretendidas para o total extraido, o
que levou a fixar a distribuicio horiria da extraccio por esses pisos.

Para cada piso ji sabemos as possibilidades de extrac¢io do po¢o numa hora ou em qualquer outra
unidade de tempo.

Néo nos parece relevante o prolongamento deste estudo para o pogo de extraccdo, pois ele em qual-
quer mina bem dimensionada ndo é o <gargalo» da produgdo; normalmente esse «gargalor ou € o equi-
pamento de carregamento e/ou de rolagem ou é nas instalagbes a juzante do pogo de extracgdo.

8. EXEMPLO DE APLICACAO

O método acima descrito nao € ainda utilizado em qualquer das minas onde exercemos a nossa acti-
vidade profissional actualmente.

Os resultados préaticos da sua aplicagio s6 poderdo vir a ser encontrados depois de aplicado o
método e de os compararmos com a actual metodologia classica que € seguida, No entanto, métodos
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semelhantes para a lavra a céu aberto estdo dando boas provas em todo o mundo ha ji quase uma dezena
de anos, a partir do incremento da morfologia matemética no campo mineiro (ver OBJECTIVO-INTRO-
DUCAO deste trabalho).

Na falta de experimentagdo real na aplicacao do método agora descrito, limitamo-nos a apresentar
o desenvolvimento do célculo para um piso da Mina do Moinho (Aljustrel), a titulo de exemplo.

PISO 200 (i = 200)

O piso estd dividido em 9 unidades de exploracdo que realmente se podem esquematizar do modo
constante da figura 7. A 5. unidade de exploragio é uma unidade de franja composta por 3 cdmaras.

E— __{}EJ__.__‘

S iiragacteaEn ta= a1

@@ .
I E] @ = - IIO‘!-[J de U-"-'LI'(I&IL:;—'{D

— — Galeria de 1'01;1gem

X — Camara da unidade de ex-

ploragio n? x
Fig. 7

Esquema simplificado do piso 200 da Mina do Moinho

As caracteristicas consideradas para cada unidae de exploragio sdo as constantes do seguinte quadro:

Unidade Reserva a Explorar Distinecia média Distincia média Teor de Teor de
de R, de rolagem (m) de carregamento enxofre cobre
Exploracio (ton)) d, (m) 1, (% 8) (% Cu)
1 32700 295 25 + 25 = 50 46,51 0,62
2 24 200 236 25 + 25 = 50 45,83 0,62
3 38 500 258 20 + 20 = 40 47,53 1,78
4 24 800 3425 25 + 25 = 50 47,07 1,89
5 150 600 462,5 20 + 20 = 40 46,87 0,41
6 58 600 315 33 + 33 = 66 45,74 0,83
T 43 300 263 27 + 27 = 54 46,25 0,98
8 71 300 345 26 + 26 = 52 47,51 1,34
9 52 700 282 30 + 30 = 60 46,12 1,25
Médias Ponderadas... ... ... D, = 347,8 L, =498 46,68 0,93

Reserva total a Explorar: R, =X R, = 496 700 ton

Deste quadro ndo consta o rendimento em peso, parametro fundamental normalmente para outro tipo
de jazigo, porque se verifica que neste caso ele é igual para todas as unidades de exploracgdo, o que se justi-
fica facilmente por o minério ocorrer em <«massas.

Segundo o método exposto, as condigdes de exaustdo do piso e de manutencio da frota constante
implicam gue o centro de massas do piso se mantenha constante. Entdo as possibilidades de combinacio no
piso resumem-se a combinar a unidade m.* 5 (Unica unidade de exploragio com distdncia média de rola-
gem superior a distdncia média ponderada de rolagem superior 4 distincia média ponderada de rolagem de
todo o piso) com todas as outras unidades de exploragdo. Estas combinacdes terdo de se sujeitar, portanto,
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a relacdo de 1 para 2,3 em tonelagem a extrair, visto que a unidade n.° 5 tem 150 600 toneladas exploraveis
e o restante piso tem 346 100 toneladas exploriveis no seu conjunto.
Segundo a simbologia usada, os valores reais que temos de considerar meste exemplo sio:

e,,, = 105300 ton/ano = 0,545 ton/min.

V, = 8 km/h = 133 m/min,
V,=K V, =10km/h
v2
K= =125
vl
t, =4 min
Q' = 1T ton
7 = 0,75
V =10,5 m/seg = 30 m/min,
Q =5 ton
t, = 6 min
n = 0,50
q =19 ton

H?:m =223 m
Qp =2q =38 ton
rh‘zuu = 0'80

Considerou-se que um ano tinha 230 dias de trabalho e que cada dia de trabalho tinha apenas
14 horas tteis efectivamente (o que é a realidade em dois turnos produtivos por dia).
Com estes valores e por aplicagio directa da férmula (B) temos:

N, . = 0,372 locomotivas

200

logo, uma locomotiva é suficiente para o trabalho de rolagem do piso.
Os ciclos para cada unidade de exploracio sdo:

g, = 7,99 min
', = 7,19 min
'y = 749 min
= 8,63 min
z'y = 10,26 min
z'; = 8,26 min
z'; = 7,66 min
z'y = 8,67 min
z'y = 7,82 min

A possibilidade de producio horéria de uma composicio para a unidade de exploragio n.° 5 serd de:
P, = 99,4 ton/h
mag como a taxa de desmonte daquela unidade é
e, = 9,9 ton/h
o nimero de composi¢des por hora a trabalhar para a unidade n. 5 é:

N,, = 0,10 composicdes/hora
Para as restantes unidades temos, com
e, = 22,8 ton/h
os seguintes valores:

= 0,18 composigoes/hora
0,16 composigbes/hora
0,16 composicdes/hora
0,16 composicoes/hora
0,18 composigdes/hora
0,17 composi¢oes/hora
0,19 composigdes/hora
= 0,17 composigoes/hora

o o
a4 e EA
It n

1]

™

F I 503 Y
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Note-se que a quase constancia encontrada para todos estes valores de N, (exceptuando, logica-
mente, o de N, ) vem provar a exceléncia do método.

O namero de vagons a encher também é facilmente calculado. Por exemplo, para a unidade n." 5
encher-se-a0:

0,89 vagons,/hora

por aplicagio directa da formula deduzida para o efeito.
Cada composicio serd de 9 vagonas na unidade de exploragio n.” 5.

Temos, assim, totalmente resolvidos os problemas levantados pela 1. equacio do mnosso sistema
de equacbes que, representa o conjunto de relagdes estruturantes que definem as associacées permitidas
entre as unidades de exploracdo do piso considerado. No nosso caso, e dados os parimetros constantes do
guadro com as caracteristicas de cada unidade de exploragio do piso (os parimetros sdo: distdncia de
rolagem, distdncia de carregamento, teor de enxofre e teor de cobre), teremos um sistema de 4 equacgoes
a 4 inc6égnitas para resolver (g = 4). Deste sistema j4 temos as combinagdes possiveis & luz da solugdo
de uma das equacdes apenas, a equacio referente ao pardmetro distancia de rolagem (que foi a conside-
rada ¢mais forte»), equacdo bem resolvida como se constata pelos valores de N, achados. HA agora que
continuar a resolucio do sistema de equacdes, tal como se expds na parte final de 5. ESTRUTURACAO
DO MODELO.

Como combinacgdes possiveis para satisfacdo da 1.° equagho, recorde-se, tinhamos achado:

1. Unidade 2.¢ Unidade

Grer vt Ot
D 00 =13 N

e agora tomemos para 2.° equacdo a referente aos teores de cobre (considerada mais fraca que a 1.", mas
mais forte que as restantes duas). O teor de cobre médio da unidade n.” 5 é inferior ao teor de cobre
médio ponderado do piso, logo sdo de excluir as combinacbes 5-1, 5-2 e 5-6 e de considerar as combina-
¢oes 5-3, 5-4, 5-7, 5-8 e 5-9, para as quais se obterio os seguintes valores médios ponderados de cobre:

5-3—1,36 9 Cu (desvio de 46 %)
5-4 — 1449 Cu (desvio de 55 %)
5-T—0,81 9% Cu (desvio de 13 %)
5-B— 1,06 9% Cu (desvio de 14 9;)
5-9— 0,99 9% Cu (desvio de 6 %)

sendo as ponderacdes feitag em funcgio das taxas de desmonte de cada unidade de exploracdo (calculadas
na resolucdo da 1.* equacdo do sistema) e os desvios referem-se & média ponderada do teor de cobre médio
do piso. Todos estes desvios sfo no sentido positivo (percentagens de cobre superiores & média ponderada
do piso), exceptuando o referente 4 combinacdo 5-7. As combinagdes excluidas sdo todas excluidas por
combinarem duas unidades de teores médios de cobre inferiores ao teor médio ponderado de cobre do
piso, pelo que todas essas combinagdes também terdo teor médio ponderado inferior ao teor médio do piso.
Assim, & l6gico que ndo se deva considerar todas as combinagfes achadas possiveis até agora e se deva
fixar um 7y para desvio maximo admissivel positivo (teor médio ponderado da combinagio superior ao
teor médio ponderado do piso). Se este y for 15 ¢ teremos de excluir as combinacbes 5-3 e 5-4 e con-
siderar apenas as combinagbes 5-7, 5-8 e 5-9,

Posto isto, passa-se para a resolugio da 3. equacdo do nosso sistema. ® a equacdo referente ao
teor de enxofre e o seu tratamento é em tudo semelhante ao da equacdo anterior. S6 teremos como
possiveis as combinagbes 5-7 e 5-9, para as quais se obterdo os seguintes valores médios ponderados de
enxofre:

5-1—46,43% S (desvio de 1 %)
5-9 —46-35% S (desvio de 1 %)
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Com tdo pequenos desvios em relacio a4 média ponderada do teor de enxofre médio do piso, acei-
tam-se as duas combinagdes. E numa 2." anilise pode-se também aceitar a combinacio 5-8 excluida, por
té-lo sido por ambas as suas unidades de exploracio terem teores médios de enxofre superiores ao teor
de enxofre médio ponderado do piso.

Passar-se-ia agora para a 4.* e ultima equagdo do nosso sistema e que é referente ao parametro dis-
tancia de carregamento. O seu tratamento é idéntico, pelo que nos dispensamos de o descrever, excepto no
que diz respeito ao calculo das necessidades de equipamento de carregamento.

Para obtencio de tudo o que se considerou naexposicdo do método descrito, basta aplicar a férmula
(A) directamente e teremos:

n,, = 1,670 pés

logo sdo suficientes 2 pas auto-carregadoras no piso, distribuindo-se uma para cada unidade de exploragio
em actividade., A producgdo horaria deste equipamento de carregamento é igual 4 produgdo horéria ja cal-
culada para a frota de rolagem.

Chegémos, assim, ao fim da resolugio do sistema de equacdes, apenas com duas combinagbes a satis-
fazé-lo totalmente, nas condicbes que se expdem no quadro:

Tempo de es- " RESERVA DESMONTADA
Combiitise Taxa de des- R_esenra folamsats &6 stena
téria monte inicial s das Uni sobrante
(ton/h) (ton) dades: (ilas) (ton) Ton % Cu % 8
9,9 150 600 - 131 799
62 101 0,81 46,43
22,8 43 300 136 —
9.9 131 799 —- 108 916
75 583 0,99 46,35
9 22,8 52 700 165 —_

Este quadro pode e deve entender-se como o principio de wma das sequéncias possiveis de explo-
ragdo. Mas ele afasta muitas unidades de exploragio de forma talvez demasiado rigida, como o € o facto
de ndo se ter admitido desvio algum possivel para o parAmetro distincia de rolagem, que era o pari-
metro da equacio mais forte do sistema (a 1. equacdo a ser resolvida). Para se ter uma nogdo da influén-
cia desta fixagdo de desvio nulo, basta reparar que se admitirmos que _15, se pode deslocar 5% para

qualquer lado teremos um y = 17,4 metros ou seja D, podera estar compreendido entre.

=]

+y=3478 + 174 = 3652m
— v = 347,8 — 17,4 = 330,4 m

=]l

i
e i
e ao fazermos isto vamos colocar dentro deste intervalo as unidades de exploragdo m.”* 4 e 8, as quais
passardo a poder combinar-se com as outras unidades de exploragio, para além de se poderem combinar

entre si e de poderem continuar a combinar-se com a unidade n.° 5. Assim terlamos como possiveis mais
estas combinacoes:

4-1, 4-2, 4-3, 4-6, 4-7, 4-9, 4-8, 8-1, 8-2, 8-3, 8-6, 8-T e 8-9
para além das ji consideradas:
5-1, 5-2, 5-3, 5-4, 5-6, 5-7, 5-8 e 5-9

o que perfaz um total de 21 combinagbes, contra o anterior total de 8 combinagdes, s6 por se ter admi-
tido o desvio de 5% num parimetro que estava totalmente fixo.

Ter-se-ia agora de resolver as restantes 3 equacdes do sistema considerando estas 21 solucdes da
1.* equagio e, no final, completar o quadro da sequéncia possivel de exploracio.

Para se estender o exemplo até j totalidade do campo estudado neste trabalho resta averiguar o que
se passa no pogo de extracgio. Por aplicacio directa das respectivas férmulas temos:

2p301 = 2,94 min,
Prage = 1,03 ton/min. = 61,8 ton/hora
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e 0 pogo tem apenas mecessidade de trabalhar meio-dia para este piso em cada dia de trabalho (a taxa
de desmonte era de 32,7 ton/hora). Ndo nos esquegamos que esteamos dentro do caso habitual (Q' > Q),
que chegario a hoca do poco 2 composicées por hora (6 = 2), pelo que teremos no poc¢o 18 vagonas por
hora e a existéncia total de vagonas no piso terd de ser:

18 X (2 + 0) = 72 vagonas

9. NOTAS FINAIS

O exemplo apresentado ndo permite avaliar a total generalidade do método exposto, dado o pequeno
nimero de unidades no piso estudado. Mas teve de ser assim por ndo dispormos, no local de trabalho,
de capacidade de cdleulo computorizado que permitisse a introdugio de mais unidades de exploragio e de
outros pisos. Desejamos notar de novo que qualquer ordenador esti apto a proceder a toda esta sequéncia
de cdlculo, depois de devidamente programado, dando em «out-puts> uma sequéncia de exploracido possivel,
a frequentar, depois, arbitrariamente, e oz dados adicionais desejados.

O piso dado como exemplo permite desde ja afirmar que a sua actual situagio é de desiquilibrio,
pois se ele fosse explorado segundo o método exposto nido estaria hoje na situacio em que ele se encontra
e que pode ser caracterizada, por exemplo, pelo facto da sua unidade de exploragdo n.” 5 ter duas das suas
camaras em 8. «corte ou plantas e a outra cAmara em «6.° cortes (recorde-se a importdncia funda-
mental desta unidade de exploragio no piso). Este desiquilibrio ainda pode ser corrigido, se se proceder
tal como se fez ao longo deste trabalho, pois os dados considerados sdo os reais nesta altura.

Os autores agradecem a Administracdo de Pirites Alentejanas S. A. R. L. a autorizagdo concedida
para a apresentacio do exemplo. Igualmente agradecem idéntica autorizagdo da Administracdo de Mines
et Industries S. A. embora esse exemplo nédo esteja tratado aqui.

EM TEMPO:

I. O presente frabalho, ao ser apresentado no Seminfrio de Geomatemaética, fol precedido de algu-
mas palavras introdutérias que focaram essencialmente o objectivo da «parametrizacio», por blocos tecno
légicos, em termos de projecto, e as vantagens de critérios de rejeicio se basearem nos pardmetros «teor
de concentrados e ¢rendimento em peso». Igualmente foi feita referéncia & vantagem da estacionarizacdo
preferencial daqueles dois parimetros, cuja varidncia é menor do que a referente aos parametros do tal-
-qual, tal como foi devidamente demonstrado pelo Sr. Prof. Eng.® Quintino Rogado no seu trabalho apre-
sentado ao 13" APCOM.

Na sequéncia destas observacdes foram tecidas consideracdes sobre as vantagens da estacionarizacao
de parametros e das consequéncias de fixacdo de um «teor de corte», nomeadamente para:

-—saber como evolui o teor médio global ao longo da vida da Mina;

saber se hd necessidade de alterar frequentemente o teor de corte ao longo da vida da Mina;
-— garantir o teor do concentrado vendavel;

— definir as condigbes de <¢blendagem» na Mina;

— garantir nas reservas sobrantes, em cada instante, as caracteristicas iniciais do jazigo;

— actuar na definicio das caracteristicas contratuais de venda dos concentrados e assumir os res-
pectivos riscos de penalidades conscientemente;

ete., ete.

II. No final. apds a exposicio do trabalho, foi apresentado um outro exemplo, referente ao piso 265
da Mina do Moinho (Aljustrel), para completar o exemplo constante do <pré-print» distribuide aos partici-
pantes no Seminario em causa uma vez que este pizo tem substanciais diferencas em relacio ao outro e,
também, porque se entendeu conveniente fazer um estudo de interligacio dos dois pisos, devido a pro-
blemas actuais que se sentem naquela Mina referentes a utilizacdo do pogo de extracgdo.
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Dado o pormenor a que se desceu no <«pré-prints na apresentagio do exemplo, limitamo-nos agora

a apresentagio dos dados Iniciais e das conclusdes referentes a este novo exemplo. Assim:

— Esquema do piso:

extracgdo

Fig. 8

Esquema simplificado do piso 265 da Mina do Moinho (gimbologia idnética ao do esquema da fig. T)

Note-se:

a) a influéncia da falha no tracado das galerias de rolagem e na existéncia de 3 cAmaras nas

unidades de exploracio n."* 5 e 6; e

b) a existéncia de 3 unidades de franja (duas com 3 camaras cada e uma de uma s6 camara).

— Caracteristicas de cada unidade de explorag¢ao:

Unidade Reserva a explorar Distancia média Distancia média Teor de Teor de
de R,‘ de rolagem de carregamento enxofre cobre
exploracgio [taﬁ) d'x (m) ]'x (m) % 8 % Cu
1 323 700 280 19+19=238 46,86 0,81
2 310 300 235 26+26=>52 45,95 0,70
3 130 400 265 25+25=50 46,09 1,37
4 225 700 193 15+15=230 46,31 1,58
5 467 200 225 20+20=40 48,08 1,21
6 359 600 367 224+22=44 47,96 1,05
Médias ponderadas... ... ... D, = 2635 L, =420 47,11 1,01
Reserva total a explorar: R, . =2 R, = 1816 900 ton.
— Reparticio da reserva em funcio de 3‘.:
R(+) ... 813700ton ... 448 ¢
R(—) ... 1003200ton ... 55,2 %
— Valores a wusar sio todos os do piso 200, excepto:
e,,; — 134 000 ton/ano = 0,604 ton/min
€,,; (+) =10,311 ton/min = 18,66 ton/h
e,,; (—) = 0,383 ton/min = 2298 ton/h
total - 0,694 ton/min = 41,64 ton/h
H,,, = 288 m
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— Resultados obtidos:

N,,; = 0,412 locomotivas no piso

z'. = 7,79 minutos

Ty = 7,18 minutos
z', = 7,59 minutos
z'y = 6,61 minutos
7,05 minutos
8,97 minutos
P = 1309 ton/h
142,1 ton/h
134,4 ton/h
154,3 ton/h
144,7 ton/h
113,7 ton/h

]
o
1]

™
-
Il

Il

e
1

= 0,14 composigoes,/hora

= 0,16 composicoes/hora

= 0,14 composigbes/hora | note-se esta quase constdncia obtida
= 0,15 composigdes/hora (¢ um bom resultado)

. = 0,16 composi¢des/hora

= 0,16 composigdes/hora

1,35 vagonas/hora em cada unidade de exploragao
19 vagonas/dia em cada unidade de exploragio
2 composi¢des/dia em cada unidade de exploragio (um comboio de 10 vagonas e outro de 9 vagonas)

n,. = 2,00 =2 pas no piso

265

z = 3,67 minutos
Pogs

Piags — 0,85 ton/minuto = 51 ton/h

e, = 41,64 ton/h, o que equivale a cerca de 80% de um dia de trabalho do pogo de extraccio
QL>Q
0=2

19 X (2+ 6) = 76 vagonas no piso

— Indcio de wma possivel sequéncia de explora¢io

Taxh de deds L —— Tempo de esgo- Reserva Reserva desmontada
Combinatéria monte inicial tamento e vma sobrante
(ton/h) (ton) Gas unidadey (ton) Tonelar % 8 % Cu
(dias) gem ’ =
A 18,66 323 700 1239 —_ 722 340 | 47,53 1,03
5 22,98 467 200 — 68 560
6 18,66 359 600 — 107 633
562 267 | 46,
2 22,98 310 300 965 — 8,85 0eh

Note-se que se admitiram os mesmos desvios considerados para o piso 200, ou seja _D, rigido, 15 %
para o cobre e 1% para o enxofre.

— Observagies pertinentes:

Nao repugna o sobrecarregar uma composi¢ao de vagonas com uma vagona mais do que o habitual

(10 em vez de 9 vagonas), mas hi que notar bem que n,  veio a dar 2,05 pis como necessirias para o piso
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em estudo. Perante este nimero pde-se a questdo: teremos de usar 2 ou 3 pads no piso? A resposta logica
seria 2 pés, para o que bastaria melhorar um pouco o rendimento de cada uma delas, mas a pratica mos-
tra que, com tal nimero, se opta sempre por colocar no piso uma 3.° pi auto-carregzadora, a qual ficara
em regime de sub-utilizagio acentuada, embora permita uma melhor manutencio das 3 unidades em tra-
balho no piso.

— Relacionamento entre es pises 200 e 265

Piso 200 Piso 265
o200 = 32,7 ton/h hpes = 41,64 ton/h
Pisg, = 61,8 ton/h Prygs = 51,0 ton/h
tempo de trabalho do poco = 50 % do dia idem =~ 80 9» do dia

O dia de trabalho sempre considerado foi de 2 turnos, com um total de 14 horas didrias produtivas,
mas o ji apontado leva a uma utiliacdo de 50 + 80 = 130 % daquelas horas num total méximo possivel de
100 %, o que é manifestamente impossivel. Uma soluciio é usar 50 % para o piso 200 (a totalidade neces-
saria para o piso) e outros 50 % para o piso 265, ficando 30 % de 14 horag para ser extraido do piso 265
em 3.° turno de trabalho do pogo, o que corresponde a 4,2 horas de trabalho (teriamos sem trabalho apenas
7—4,2 =28 horas uteis para possivel manutengio). Esta solugfo, indesejivel, tem ainda o inconveniente
de exigir um volante de vagonas no piso, subindo substancialmente o nimero de vagonas necessirias no
piso. Para que o poco trabalhe apenas 2 turnos por dia pdem-se trés alternativas:

— melhorar o rendimento r, (qualquer melhoria possivel deve ser insuficiente para o desejado):
— ampliar a capacidade de extraccido do pogo (o que exige um investimento adicional); ou

— fazer transbordo intermédio algures, para outro pogo de extracgio, de dada percentagem do miné-
rio a extrair do piso 265.

Verifica-se, assim, que nesta Mina, contrariamente ao suposto por nés em T, o pogo de extracgdo é
«gargalo» da produgdo para os niveis inferiores do piso 200. Neste caso concreto foi escolhida a 3. alter-
nativa das anteriormente apontadas, cuja extracgio se esquematiza, no que se refere ao excesso de capa-
cidade do pogo que se tem apontado, do seguinte modo:

POGCO POGO
—_—— ] ’—-

PisO 150 (:ﬁ—————~——
PiSO 200 =
PisO 265

Fig. 9

Esquema em vigor na Mina do Moinho (elevacfio do piso 266 até ao piso 1560, aonde se usa uma

chaminé-silo colectora para fazer chegar o minério a uma galeria de rolagem, do piso 200, com

ligaciio a um outro pogo de extraccio que jA era pré-existente, pelo que apenas se investiu na
chaminé-silo colectora)
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( Continuacdo da pdg.® 260)

nuclear hungara, projectada em
1966, localiza-se em Paks e sera
equipada com quatro reactores
com uma poténcia total de 1760
MW (tipo de reactores PVR), de-
vendo o primeiro entrar em funcio-
namento em Dezembro de 1980 e
os restantes trés em 1985. O equi-
pamento para esta central, cujo
custo total estd calculado em 26
mil milhdes de forints, seri forne-
cido pela URSS e pela Checoslo-
vaquia, trabalhando no empreendi-
mento técnicos soviéticos e pola-
Cos.

Polonia — Em 1974 a Pol6nia e a
URSS assinaram um acordo com
vista & construcio da primeira cen-
tral muclear na Polénia, seguido,
em 1976, pela conclusio de um
acordo de cooperacio relativo a
produgido de instalagbes para cen-
trais nucleares. A central sera lo-
calizada em Zarnowiec, no litoral
de Gdansk.

O inicio dos trabalhos devera
ocorrer em 1979 e a entrada em
funcionamento da central em 1984,
Na primeira fase, a Zarnowiec
serd dotada com dois reactores
VVER-440 MW, aos quais se acres-
centard, mais tarde, um terceiro,
com a poténeia de 1000 MW. Em
1988 a poténcia da central atémica
polaca elevar-se-4 a 1880 MW, e a
capacidade nuclear do pais serd se
4880 MW em 1990 e de 23 000 MW
no ano 2000,

Republica Democrdtica Alema—
A RDA possui duas centrais nu-
cleares em funcionamento, a de
Rheinsberg, ligada a rede desde
1966, e a de «Bruno Leuschner
Nord I» em Lubmin (na baia de
Greifswald) desde 1973. Esta ulti-
ma atingiu em Maio deste ano
uma poténcia instalada total de
1320 MW com a entrada em ser-
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vigo, com o auxilio soviético, do
terceiro reactor de 440 MW, Pre-
sentemente, a RDA procede & am-
pliagao da central de «Bruno Leus-
chner Nord IT», com vista a atingir
uma capacidade instalada de 3520
MW.

Checosloviquia — Desde 1970,
data da assinatura do acordo inter-
governamental entre a Checoslova-
quia e a URSS sobre construgao
de centrais nucleares, a Checoslo-
vaquia. vem a realizar, com a co-
laboracdo da Unido Soviética, o
seu programa de construgio de
centrais atémicas.

Em Jaslovske Bohunice, na Es-
lovAquia, encontra-se ji em funcio-
namento desde 1973 uma central
experimental AI (urdnio natural,
dgua pesada, gas) de 143 MW, es-
tando a ser construida, no mesmo
local, uma segunda central VI do-
tada de dois reactores VVER-440,
com uma capacidade individual de
440 MW. A entrada em funciona-
mento dos dois reactores esti pre-
vista, apés véarios atrasos, para
1978 e 1979, respectivamente. Em
1976, foi dado inicio aos trabalhos
de edificacdo de uma terceira cen-
tral V2 com caracteristicas seme-
lhantes ag da VI, em Dukovany
(Moravia do Sul). O primeiro
reactor comecard a funcionar em
1982, ou seja, com dois anos de
atraso, e o segundo em 1984. A
sua construgio terd a assisténcia
téenica soviética.

Em 1985, a parcela representada
pela energia muclear na producio
energética total atingira 17 %, em
1990 cerca de 40 9% e no ano 2000
cerca de 70 %. A concretizarem-se
as previsdes, a Checoslovaquia de-
verd possuir uma capacidade nu-
clear instalada de 800 MW em
1980, de 3500 MW em 1984, 10 500
MW em 1990 e de 30-35 000 MW
no amo 2000.

A primeira central (experimen-
tal) da Checosloviaquia foi reali-
zada pela URSS. Relativamente a
segunda, em construgio, a partici-
pacio soviética limitou-se ao for-
necimento de determinados ele-
mentos do circuito primario. De
futuro a indastria checa devera
construir na integra as centrais a
instalar no seu territério e forne-
cer igualmente determinados equi-
pamentos & URSS e demais paises
socialistas. O pais especializar-se-
-4, nomeadamente, na producio de
reactores do tipo VVER a 4gua
pressurizada, prevendo que a sua
produgio anual, parcialmente des-
tinada a exportacio para os pai-
ses do Comecon, atinja as cinco
unidades antes de 1980. Este tipo
de reactores serid produzido até
1990; por volta de 1985, a sua
capacidade serd elevada para 1000
MW. A producao do primeiro reac-
tor a neutroes rapidos e arrefeci-
mento por meio de sbédio foi ja
iniciada.

Por outro lado, encara-se a pos-
sibilidade de estabelecimento de
novo acordo entre a Checoslova-
quia e a URSS, mediante o qual
este pais forneceria ao primeiro,
electricidade contra a entrega do
equipamento checo para a sua
central de Khmel'nickij, bem como
de diversos bens de consumo.

Cuba — Em 1977, Cuba iniciou,
com o auxilio da Unido Soviética,
a construcao da primeira central
nuclear, que devera estar conclui-
da em 1980, na regiao de Cienfue-
gos, 300 km ao sul de Havana. A
URSS fornece os equipamentos ne-
cessarios a Central, cujo primeiro
bloco terda uma capacidade de 400
MW, estando a capacidade total
do complexo calculada em 1700
MW.

[Extraido do «Boletim Mensal BFNs»,
(12) Dezembro 1978].
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Process Analysis and Simulation in Extractive
Metallurgy by Stochastic and Deterministic Methods

ALEX OBLAD

Neste artigo apresentam-se métodos correntemente usados na construcdo e andlise de modelos empi-
ricos pela via estocdstica clissica e também recorrendo a modelos deterministicos recentemente criados. Nesta
ultima oOptica e usando o modelo de balango generalizado em sistemas de particulas, tratam-se aplicagies
a moagem discontinua/continua, a flutuacdo e a lixiviagdo.

ABSTRACT

This paper deals with current methods used in construction and analysis of empirical models by the
classical stochastic approach and with recent developments in deterministic models. These latter include the
applications of a generalized population balance model for particulate systems to the operations of batch/
/eontinuous grinding, flotation, and concentrate leaching.

INTRODUCTION

The optimization of mining methods often is influenced by the processes that will be used to treat
the ore. The behavior of these processes with respect to operating conditions and material feed characte-
ristics is of prime interest, and considerable effort has been expended to define this behavior, not necessarily
for applications to mining methods, but in general to gain a detailed knowledge of how to control the process
products as a function of the presumably varying mineralogical characteristics of the feed.

In accomplishing this, simulation of unit operations and more recently entire plants has received the
most direct attention. Process simulation has been approached from two contrasting methodologies. The pur-
pose of both, however is to develop mathematical models for a given process.

The first approach, empirical modeling, samples the process response at various points in the space of
the variables considered to control the response, and fits a surface of predetermined form to the sampled
data. This approach has little or no theoretical basis, and the parameters, i.e. constants, are not physically
meaningful. The model is entirely dependent on experimental measurement, and is therefore composed par-
tly of real process variation and partly of error. Extreme rigor must be employed to assure that the result
is a model essentially of the true process response and not that of the error.

Deterministic models are considered to comprise two types: phenomenological and theoretical. In the
first, the equations for the process response have a theoretical basis but include parameters whose values
can not be determined without experimental data. These parameters in general have physical significance.
The theoretical model completely specifies the process response with parameters which can be calculated
from theoretical considerations. Phenomenological models have achieved some success in industrial applica-
tions. Unfortunately, theoretical models usually require too detailed information to be of practical use, at
least in extractive metallurgy.

The use of both stochastic and deterministic methods is now receiving almost universal application

in the minerals industry. This paper will discuss some of the more significant developments in certain areas
of mineral processing and hydrometallurgy. i '
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STOCHASTIC METHODS

In the context of process analysis, stochastic modeling involves the application of classical statisti-
cal inference to estimate model parameters, to determine intervals in which the true values of such para-
meters lie, to determine the probable error of both data and predictions; and to provide a basis for testing
of hypotheses about the model parameters and responses.

In general, these models are empirical. This precludes the evaluation of parameters in terms of physi-
cal reality; that is, the model parameters have no physical meaning. The experimental data are fit to a
response surface in the space of the independent variables, the model having little or no theoretical basis.
It is therefore extremely important to know the relationships between the error associated with the expe
rimental measurement of the phenomenon being studied. This, of course, is true for all types of models, but
especially for empirical models.

EMPIRICAL MODELS

These models are classified into two main types: linear and non-linear. Linear models are those which
are linear in the parameters, or are transformable to linear. For exemple the equation:

Y =1-—exp (—KXY)
is transformable linear:
Z=a+hW

where Z =1In (—In (1-y))

W=InX
a=IlnK
b =N

To estimate the parameters of any model the leastsquares criterion is usually invoked. If we pos-
tulate that J=f(X,, X, ... X ; B, B, ... 8,) in which the X, are the independent variables and the g, are
parameters, then the measurement of the deviation between the predicted and experimental response, called
the objective function, will be defined in the context of the least-squares criterion as follows:

N
=N (n-— £ (KKK 3 Bor By ﬁ,)) 1
j=1
where ¢ = objective function
¥, = experimental response for experimental level j
jzpredicted response for experimental level j

w, = weighting factor for experimental level j

The objective funetion g will be minimized by choosing the appropriate values of the parameters
By By -+ B, If £ is linear in the parameters, then an analytical solution is possible. Otherwise, successive
approximations must be used based on some type of implicit linearization. Only linear functions will be di
scussed here. It will also be assumed that the independent variables are non-stochastic, i.e. that they can be
specified with negligible error.

Let the true response of a linear system be represented by:

=P+ B (N, = X))+ BNa—N) + ovew 8, (N, —X,) 3
Each experiment will correspond to a different level of the independent variables except when there
are replicate experiments made at a constant experimental level to estimate experimental error.
It is possible to define a design matrix X whose elements x ; — X, correspond to the value of variable i
at level j. The vector of experimental responses Y has elements ¥, which is the average response at level j;
and let ¢} be the vector of elements Bi- In this formulation

N ®

X=X (0 %) / D 3

where p = number of replicates at level j.
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N
Therefore, - E wj(_\_'l = nj)ﬂ 4
j — I
or in matrix notation:

Y—mn]r Y — 5
[E=u]" & [E~3]
where
p =]
wyi ; n=XB
o izkj — =
To find the vector g giving the minimum value of g, it is necessary to solve the equation: 2 @/0 g = o.
a¢ & ’T_-r r N 6
R B I-E k=0
X"WY—X"Wp 7
1f [ X" W XT" exists, then the best estimate of j is
r‘;z[xTw.\;!‘x""WY 8
= =sad =i
Therefore, the best estimate of 5 is:
P=XB=X[X"WX|'X"W ¥ 9
The variance and covariance of the parameters can be calculated from:
gaﬂz[;_)_;]-“;‘-' 10
where C is the variance-covariance matrix and g2 can be estimated from sf,;
~ w2 VAR ~ P 5 “ -
C,7=VAR(B ) € o'=COVAR(B 8 )
For the predictions:
D¢ = XCX"d 11
i At _I__—A 2 e !J ~ -~
where d, o =VAR(?,) , 9°d,=COVAR(F, 7,)
To test the hypothesis that the model describes the system within experimental error, compute
N Pi .,
s Ml |
230,70
S, =
El Pi— N 12

N
53=2.wi(}'1“‘ 5"
NCQ 13

where Q = number of model parameters, N = number of levels.

If SE/S:(_ F1 (N—-Q, 3 P,—N), then the model is judged to be correct within the limits of expe-
rimental error. If t'h:!ez model is correct, then an improved estimate of 2 would be:

’ L | r — NH
2 owilyi-n) "+ BB (v-vi)

14
=
L pp—Q

To determine joint confidence intervals for the model parameters, the solution to:

(B-8)'xXWX(B-8)cQaF
defines the (1—g) 100 9% confidence limits in parameter space, With the appropriate experimental planning,
for example the 2-—level factorial composite designs, empirical models can be developed from experimental
data, and probable variations of the parameters and predictions can be assessed relative to experimental
error. This gives a quantitative measure of whether the model is a significantly good representation of the
data, and a basis for choosing between of competeing functional forms.
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DETERMINISTIC METHODS

Extractive metallurgy deals in general with particulate processes involving necessarily a countable
number of entities. These possess a distribution of physical and chemical properties, the most common of
which is the particle size distribution.

Distributions are expressed mathematically by either the cumulative distribution function F,(Z) or
the density function f (z). F,({) gives the number (i=1), area (i=2) or mass (i=3) fraction of the particles
with property z < {. The differential quantity f, ({) dz gives the corresponding fraction of the particles with
property z in the range ¢ to ¢ + dz.

Mathematical modeling of particulate systems from the deterministic viewpoint attempts to develop
general theoretical approaches to be used in determining the detailed kinetic behavior of the appropriate
property distributions. To accomplish this it is necessary to consider, besides mass, momentum and energy
balances, a population balance which conserves and identifies particulate distributions. In the next section
the mathematical structure of such a balance is developed.

POPULATION BALANCE MODEL

To construct the population balance model we must define the following properties:

Let:
n(x,y zt) = Total number of particles per unit geometrical volume at position x,y, z and time t.
f(¢ x,y,2,t) dZ = the fraction of particles at position x,y, z and time t with property Z in the range
£ to £ + dZ.

v =nlx,y,zt) f( xvy2t) dZ dz dy dz = the population density: the total number of particles
in the region of geometrical space [x, x+dx], [y, ¥+
+dyl, [z, z+dz] and in the region of «property» space
[¢,, ¢+dZ] at time t.

u = dZ/dt = the property kinetics.

B({;x,y,2t)dZ = the number of particles at position x, y, z and time t created per unit geometrical
volume per unit time with property in the range ¢ to ¢ + dZ.

D({x,y,2,t) dZ = the number of particles at position x,y, z and time t destroyed per unit geometri-
cal volume per unit time with property Z in the range ¢ to ¢ 4+ dZ.

The quantities B and D are called the birth and death functions, and account for changes due to ins-
tantaneous appearance or disappearance of particles, as oppossed to continuous changes. A familiar example
would be the distribution of particles in grinding due to breakage in which the resulting daughter fragments
are suddenly created.

A population balance requires that [1]:

ay 0
—+ V. .(vg) +—(uy) +D-B=0
at 0Z
ay
where —— = change in population density per unit time,
at

Y/ - (vy) = change (divergence) in population density due to motion in geometrical space (v is geo-
metrical velocity).

]
T (uy) = change in population density due to the continuous kinetics of property,
Z
D-B = net change in population density due to instantaneous creation and destruction of particles,

In most applications it is not convenient nor even possible to specify the detailed spatial dependence
of ¢; thus, volume-averaged population densities must be used. The resulting equation is called the macros-
copic population balance model:
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where

= %J YdvV, D= fr)d\-', E:\l, fndv; Q,, Q, = volumetric flow rates
at reference points 1, 2; V = volume considered.

It is assumed that the knetics of property Z is position independent, so that u = u(t).

Equations 1 and 2 present at least in principle a detailed and precise means of describing quantita-
tively the behavior of particulate systems in terms of property distributions. This is especially appropriate in
mineral processing operations because products are generated whose properties are commonly measured with
respect to distributions of particle size, grade, density, and other variables. In the most general formulation
the population balance model is not analytically solvable, but for several important process applications it
has been possible to simplify the equations to the point where meaningful solutions can be obtained. The pre-
dictive capability of these models is superior to empirical or less rigorously derived equations. The remain-
der of this paper will discuss applications of the model to the operations of grinding, flotation and leaching.

GRINDING

Historically, three approaches have been used in the analysis of tumbling mill grinding. These are
Energy Size-Reduction relationships, Matrix Models, and Population Balance Models.

Energy size-reduction relationships ignore all details of feed and product size distributions and are
empirical in nature. These relationships have been oriented towards evaluating the amount of energy needed
to achieve a certain value of a single kinetic parameter chosen somewhat arbitrarily to represent the pro-
duct size distribution. Since tumbling mills draw power at a constant rate, energy may be replaced by
time to transform the relationship into a single-parameter kinetic expression.

The majority of these relationships can be written in the general form:

dEv
dX

— e KXH 3

where E = Energy input per unit volume applied to the particulate system,
X = A characteristic particle size of the system.

The kinetic relationship is obtained by substituting Ev = Pt/V‘

where P = power draft, V_= volume of solids.
dX I P .
PR XXy 4
dt K Vs @

For evaluating energy needed to achieve a certain value of X, integration of equation 3 yields:

K[ . 1-N .
— R =K s N=H1
Ev={ N-1 L 2 J ' *

K ln (X/X53) 5 N=l
where X = value of X in feed or when t=o depending on whether the grinding is continuous or batch.
For different values of N we have the famous «Laws» of comminution.
Kick's Law (1885): Equivalent amounts of energy applied to the system should result in equivalent
changes in the size of the material being ground. This implies equal sized fragments and breakage resistence

independent of particle size. Equation 5 becomes for N = 1:
B, = K, In (X/X,) 6

Rittinger's Law (1867): energy consumed is proporcional to the new surface produced per unit mass.
Equation 5 becomes for N = 2:

I I
Ev:l\‘z( = )

Bond's Law (1952): energy consumed is proportional to the total length of new cracks formed. Equation
5 becomes for N = 3/2: 7

I I
ov=%un (7 7% :
where X, X are the 80 9, passing size of product and feed, respectively.

Bond's Law has been applied with considerable success in the dimensioning of industrial mills, This
is due to the fact that equation 8 is satistied if the batch grinding product size distribution in the region
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of application has a slope of 1/2 in the appropriately linearized transformations of the Gaudin-Schuhmann
or Rosin-Rammler distributions. Fine grinding often has batch size distributions fitting these conditions.
To approximate continuous grinding, multi-batch tests can be made until the mill product ceases to change.
This state of equilibrium is equivalent to a continuous plug-flow mill operated in closed circuit. Since par-
ticle residence time distributions in mills approximate perfect mixers in series [2], this assumption is an espe-
cially bad one. Nevertheless, Bond’'s correlation is the most common method to perform mill calculations.

The second approach, that of Matrix Models, proposes a matrix D which transforms the feed size
distibution to that of the product for each breakage event as follows:

N
Wi = E Dy W 9
]

where W, = Mass fraction of product in size fraction i
W, = Mass fraction of feed in size fraction j

D” = Mass fraction of feed size j appearing in product size i

The matrix D is divided into two parts. Let S = the mass fraction of material in the ith size class

which is broken in one breakage event, and ij = the mass fraction of the breakage product from the ith
size class which enters the jth size class during a breakage event.
A material balance after one breakage event yields:

i
Wi = ( 1- Sll.) Wi + E : Bti SJ‘I W*'i 19
j
In matrix notation equation 10 becomes:
Wp=[!—S+B S |W,__DWr u
where
B 10 0 i
01 . 0
Bd 1 5 w5 u O
]_-_= 6 O 031 . 5 - 0 nxn djagonal matrix
' 00001 0
00060 03 . 0
0000000 1_
= -
S . 0
Sg
5€= “JE:, nXn diagonal matrix
0
: 87
¢ P
By,
0 u
Bs, By 0
Be= ' e ) nXn lower triangular matrix
.—“"' - . ”:m_
For v identical stages of hreakage:
W, =D"W, 12

To arrive at an expression for the kinetics of grinding, the eycle factor v must be related to the real

time variable. Once this is done the cycle selection functions Sf are estimated from experimental data;
and in practice it is assumed that

iﬁu -—-Ijl—cxp{di;"d]}]/l’l——cxp(.l)] 13

{==j . <
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a modified form of the Rosin-Rammler distribution. The variable d represents particle size.

Matrix models have been found to be useful in simulating single-pass devices in which the contact
time is on the order of the time needed for particle fracture. For dynamic systems these models are inap-
propriate.

In contrast to Energy-Size Relationships or Matrix Models, Population Balance Models have the follo-
wing advantage:

1) They represent the behavior of the entiresize distribution in contrast to Energy-Size Reduction
correlations which characterize the size distribution with one parameter;

2) The time variable is explicitly accounted for,in contrast to Matrix Models which must correlate
breakage cycles with time;

3) Process behavior is presented in terms of physically meaningful quantities associated with the
actual mechanisms causing size reduction;

4) The averaging process inherent in the macroscopic population balance model effectively allows
the behavior of the grinding process to be specified without a detailed knowledge of the mecha-
nisms involved. In this sense, part of our ignorance about the spatial details of grinding is
suppressed without severly prejudicing the model.

For batch grinding equation 2 can be arranged for solution from the following considerations:

Q,=Q =0 14.a
zZ=d 14.b
d(d)/dt = o 14.c

Eguation 14.a signifies that the system is batch; equation 14.b, that the property of interest is the
particle size; equation 14.c¢, that all continuous changes (for example, atltrition) are negligible.
The macroscopic population balance model reduces to:

oI I
— e R
o [nf‘(d,t):l B—D 15

where Dd(d) is the rate of breakage (number/volume-time) of particles having linear dimension d to d+d(d);

Bd(d) is the rate at which fragments, produced from breakage of sizes greater than d, enter the size inter-
val d to d+d(d).

Define S(d, t), the Selection Function such that:

S(d,t) n f,(d,t) d(d) dt = number of particles of size d to d+4-d(d) broken in time interval t to t4dt;
and b, (d, d'), the number Breakage Function, such that:
b, (d, d') d(d) = number fraction of the fragments produced from breakage of particles of size d'

1

which enters the size interval d to d+d(d).

The rate at which particles of size d' are broken is:

s(d, t) = E['f‘ (d’, t) d(d'), and the contribution to the interval d to d+d(d) resulting from the brea-
kage of particles of size d' would be:

The total contribution from all sizes d' > d is:
- d max
Bd(d)= { b, (d.d") S(d",t) o f, (d',r) d(d") d(d) 16
J d

Equation 15 thus becomes:

aic [ mf,(d,0) ] = — S(dyt) T f(d0)d(d') +

dmax
f b,(d,d)S(d"yt) T ,(d',0)d(d") 17

d

In view of the fact that the mass, and not the number, distribution is measured in practice, the popu-
lation quantity can be changed from number to mass: .
Let g be the density of the particles and C,, the shape factor so that the mass of a particle of
linear dimension d is p C, ds. The massa of particles of sizes d to d+d(d) is:
pC,d n £ (d, t) d(d)

This same mass can be expressed in terms of the mass distribution density function:
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(M/V) £, (d,t) d(d)
Equation 17 can be written as:

5 i
= [ f,(d,t) J = — S(d,1) fy (dyt) +

~dmax
’ by (d, d') S(d',t)f(d",t) (dyd’)? d(d) 18
. d
The quantity (d,d')s b: (d,d') represents the mass of fragments in the size interval d to d+d(d)
coming from size d' divided by the total massa of particles in size d'. In other words, it is the mass fraction of
the breakage product from a particle of size d' ending up in size d to d+d(d). The massa breakage function
can be defined as:

b, (d,d") d(d)=(d'/d)™ b (d,d') d(d) 19
The final form of the population balance model becomes:

Fl
3t fo(d,t) = — S(d,t) f, (dyt) +

Mdmax
b, (d.d")S(d",O)f,(d".t)d(d") 20
|

In order to obtain a solution to equation 20 it is necessary to specify a functional form for the selec-
tion and breakage functions. In practice, grinding behavior is usually measured with sieve analyses, thus
suggesting that a size-discretized form of the model would be more convenient than the size-continuous
form.

Define S (t) as the size-discretized selection function giving the fractional rate of breakage of parti-
cles out of the ith size class at time t, and b,  as the size-discretized breakage function giving the fraction
of breakage product from the jth (> ith) size interval appearing in the ith size interval. It is necessary
that the size classes be small enough so that the grinding beavior is constant within the class. It has been
found that classes interval ratios of /2 are sufficiently small for most applications. From these considera
tions the size-discretized population balance model for batch grinding becomes:

i1

AW
CAW Si(H AWi + E bij Sj (1) AW -
i

de

where 4 W, = mass fraction of total material in size interval i
Equation 21 can be written in matrix form as:

awaw=—[1_p |saw .
where
AW Q, 0 b's, o
aw=| - - ™
, : ; O Bt
| A B, B o O 8 o_|

If S is constant and therefore independent of the size distribution in the mill which varies with time,

then equart-ion 22 has the analytical solution:

AW (1) —exp| —(1—B)st |aw (o) 23
~ The matrix exponential defined by the infinite series:
(s o] k .
o] - (o) |- B[ ~(1-m)s | -
. k=0

bl ~BE | -8 | e 8
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is not easily evaluated. A more convenient solution arises by making a transformation:

AW =T AW* 25
where T is the matrix of eigenvectors of —( I-B) S
0 1<
111 s
Tij = E by Sy Tnj 12>
S, — S,
k=j ! d

It is necessary that Si e Si for i~ j to evaluate T, however in the improbable case of equality, the
appropriate values of S, and S, can be made slightly different without prejudicing the simulation substan
tially [8].

Substituting in equation 22 for AW:

w(zaw)=—[1-2 [sTAW- or 27
d . - -T
arawe=1"[ —(1-8)s |Taw: b

The eigenvalues of —(I--B)S are distinct and equal to the S,. The right hand side of equation 27.b

can accordingly be written as:

-1
T - (1-B)s |Tawe-sawe 28
where A is the diagonal matrix with elements — S,
Therefore,
e -
0]
’ » c. s“
AW*(t)= - =1(v) 20
o B
carBpt

e
1

Back transforming to the original variable:
AW (t)=TJ ()T AW (o) 30

When the selection functions are constant, the model is called linear. The breakage functions are not;
and the cumulative breakage function for many systems are size normalizable, thus eliminating the neces-
sity to separately determine the n(n—1)/2 values of the breakage function. Likewise the selection func-
tions are often related by a power law, so that the n—1 values do not have to be separately calculated.
Linear behavior has been verified for dry batch ball milling, but wet batch ball mill grinding and dry batch
rod mill grinding show non-linear behavior.

Several efficient schemes have been developed for experimentally determining the selection and brea-
kage functions for linear batch grinding systems. In addition, the variation of these parameters with ope-
rating conditions and dimensional factors (scale-up)) is usually of interest. These latter considerations are
two of the weaknesses of the models as formulated, since there is no explicit indication how the selection
and breakage functions depend on the operating conditions or mill dimensions. These relations must be
determined empirically.

For linear grinding systems each size class can be analyzed separately, however the accuracy of mea-
surement decreases with particle size. This is not toomuch of a problem, since the variation of the selection
functions with respect to particle size is linear when plotted on log-log paper. An extrapolation to the
smaller sizes gives a good approximation to the fine-size selection functions. The parameter itself is esti-
mated by the slope of the In Aw —vs— time linear relationship. This was done for dolomite in a dry labora-
tory ball mill [4]. Figures 1 and 2 show the verification of linear behavior and power-law dependence on par-
ticle size, respectively.
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Determination of Selection Funection for 7x9 4 feed
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Selection Function Dependence on size

The selection function for linear behavior is:

d
5, = d;- InAw, ( monosize particles present) 31

% . Xi Xig fy
5, =5, _‘(-}\—
i G

Therefore, only a few of the larger size classes need to be determined, the rest being extrapolated.
The breakage functions can be estimated as follows: consider the second (to largest) size class, From
equation 21 we have:
dAW,
dt
Remembering that initially there was only material in size class 1, it 1s possible to write:

dAW -
dr = Du SiAW, 34

— 55 AW, + by 5, AW, 33

lim
>0
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Therefore

o 5= 1 1im AW,
i ~ 35
S; AW, (0) 10 dt
In general,
1 . dAW
by == lim AWt 36
S, AW, (o) t>o dt

Equation 36 implies that the cumulative breakage function B,,, the fraction of material broken out
size class 1 which ends up in size class i and smaller, can be represented by

Biy = .1_] i,mM 37
5, t»>0 dt
i1
where [ — 1,#A\-\-’(0}E AWk , the cumulative mass fraction finer than size class i. Figure 3 shows
k=n

for small sizes the production rate of mass is constant. This has been referred to as the zero-order production
of fine sizes [6]. In contrast, the disappearance of the top-size is first order. The intermediate sizes at first
increase due to arrival of particles from the largest sizes, and then decrease due to breakage of the same
particles out of the intermediate sizes. Therefore, the disappearance and production effects must be isolated
in order to determine the selection and breakage functions, which respectively cause these effects.

)

Awi

Figure 3
Zero-order Production plot for TX9 mesh feed for Dolomite

All the breakage functions can be determined by changing the top size to the next smaller class, for
example 7X9 — 10X 14, and using equation 36. If the ratio between size classes is constant, say v/ 2, then.

Bij = Bij41,1 ien 38
and n-1

Bnj=1— Z bij 39
k

=
is generally employed to calculate the breakage functions for the smallest size. It has been found for several
mineral systems that the cumulative breakage function is size normalizable, thus allowing extrapolation
to the smaller sizes.

Several important types of batch grinding exhibit non-linear behavior. The prime examples are wet
ball mill, rod mill, and mixture grinding. In wet ball milling the fines are suspended in the fluid, thereby
increasing the probability of breakage of the coarser particles. In rod mills this effect is even more pro-
nouncied since breakage occurs along the lines where the rods make contact, thus resulting in coarser par-
ticles protecting the smaller ones. Mixture grinding is non-linear due to the effects of the components being
ground, in which one component is softer than the other. In general, non-linear grinding behavior is cau-
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sed by a dependence of the selection functions and possibly (but usually not) the breakage functions on the
changing environment within the mill. In linear systems the environment also changes, but the kinetic
parameters are independent of the changes.

Linear systems offer several calculational advantages, among which are the existence of closed form
analytical solutions and the availability of efficient technigues to evaluate the model parameters. To solve
rigorously non-linear models, numerical techniques must be used. Furthermore, the implicit dependence of
the selection function on grind time must be determined by extensive experimental measurements. Ignoring
the non-linear nature of the system under investigation will give precise answers for the reference point
(time) at which the model parameters were determined, but the responses decrease in accuracy as the
region of application deviates from the reference point.

Several implicit linearization schemes have been developed that give acceptable approximations for
non-linear grinding systems over a small range of mill environment changes. It should be emphasized that
the model parameters are an explicit function of the mill environment and not a function of time. The impli-
cit relationship with time is caused by the dependence of the mill environment on time.

A rigorous mathematical treatment of linearization of the selection function has been made by Herbst
and Mika [6]. The breakage function is generally not considered to be dependent on the mill environment.
The linearization is based upon a Taylor's expansion of the selection functions around the reference point
where the selection functions were evaluated. For each selection function:

s (m]ml[t)' S, (m#) ’“1+E|: (S,( m]ml)kmft)—mj'}] 40

In equation 40 the «*» refers to the reference DDDdl tion; m is the vector of mass fractions for all size
classes.
In matrix form equation 40 becomes:
s * * *
Sm=8 m 4V (r_n_(t} —m ) 41
where 0 -
o= == 8y{ m*)m
Vi [émi t[_) 1]

Substitution of equation 41 into 21 yields:

d " i-1 u n
—(m l) = — 8 m{ + bij S, m{ + i (imy ~— m? 42
de \ i( )) 1 Ei 3 Ek ik( k k)
where Lk [~ o L A4St m} s ik
- bil g1 my @20 M - b LI v i
Tik EIL ! . - 21 ( u Vix Vik)

The matrix form of equation 42 is:

Tm@-—[1-p]s"m —am tgm0 T

Asg formulated, equation 43 is linear and admits an analytical solution:

E(t):E(o)cxp["g:t)—-l'exp(!_t)_ 1]5-1[(l_5)§.+5]_@. 44

As in the linear case, the matrix exponential must be replaced by a more practical from for compu-
tation. The similarity transformation required for the non-linear case is in general not possible to determine
because the eigenvalues of a complete matrix like g are not calculable. The linear case had a lower trian-
gular matrix in which the eigenvalues were calculable, in general. To facilitate this simplification it would
be necessary to assume that the selection function in each size class depended only on the corresponding

mass fraction, m, and not on the entire size distribution. Thus 8,=8, (m,).

. F?S.m; .
V|j’=—‘_',__+5,- 1'—I;V11—01*] 45
BmI
/95 m, S, m! i
b, -—-—_{.s[) 9, _(#4.5;) ] J 46
[ am, i
where 3 =1, 3,,=0
Let S mf
§; #j=——11+45; ; then
amj

i-k
Ly = 2 I:bu #, S Sy — &, 5 au] 47
1
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or in matrix form:

e=[1-B]85s 4

in which ¢ is now a lower triangular matrix with eigenvalues 4 S*. Therefore,
= 1 1

—1 -1 -1
E(t):I‘Fi(t)I* m(o)-l—[T*J(t)'l‘* — 1 ](¢ _p)m* 49
Normally, the values of ¢ are determined empirically from experimental data; however, for wet ball
milling [7] and mixture grinding [6], it has been possible to establish a relationship between ¢ and m *, With
the linearized solution to the batch grinding equation, a number of a non-linear systems have been simulated.

Figure 4 shows the predictions of dry rod milling of dolomite |8]. The reference distribution was that of 1
minute, i.e. m* =m (1). The linearized model appears to be accurate up to about 3 - 5 minutes:
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Figure §
Dry Rod Mill Grinding of Dolomite

Grinding applications invariably end up at the industrial level not in the batch, but in the continous
regime. It is therefore important to extend the prediction of size reduction from batch to continuous systems.
This is done combining mass transport through the mill with the kinetics of batch grinding.

Population balance models of continuous milling have been developed to handle steady state or dyna-
mic conditions in which the distribution of material along the axis of the mill is explicitly considered [9]:
To obtain a tractable example for the purposes of this study, a simplified, yet practical, case will be briefly
discussed.

In many continuous grinding systems it is possible to assume that:
1) Steady-state conditions in material transport prevail.

2) The transport process is the same for all particle sizes.

3) The size reduction kinetics are linear,

Under the above assumptions, the batch kinetics would describe the size reduction for each particle
size if the time of residence in the mill were known. The product size distribution can thus be considered
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an average of the bateh responses, welghted with respect to the distribution of residence times. If E (t) dt
is the fraction of particles which spend time t to t + dt in the mill, then the continuous mill response will be:

~oo .
m, =J(, m, (VE(t)de 50

where m, is the continuous system size distribution of mill product, and my is the batch response, Combin-
ing 50 with equation 30, we have:

me=TJ T 'm(o) 2

(= =]
where .Ic“_—.-.f exp(-S;t)Et)de H2.a
0 52.h

Jcij =

£ &
Under conditions of perfect mixing in which E (t) = — exp (— t/¢), t being the mean residence time,
T

Jeu=1/(5,2—1) 52.c

Equation 51 and 52-a, b imply that it the amount of time that particles of a given size spend in the
mill is accounted for and used as a weigthing factor, the continuous solution is the same as the equivalent
batch solution summed over all possible residence times.

This type of continuous model is called a lumped parameter model because the residence time distri-
bution is «lumped» or averaged into one parameter, the mean residence time. In the general case, size depen-
dent transport must be accounted for by convection and dispersion considerations. This introduces non-
-linearities into the model, even if the particle breakage process is linear. However, in a recent computational
study [2] it was found that the error introduced by lumped parameter approximations was on the order of
the experimental error associated with the measurement of the corresponding product size distributions.

In summary, although grinding is an extremely complicated process, it has been possible in the context
of the population balance to analyze and predict with good accuracy the behavior of both batch and conti-
nuous syze reduction systems. In the case of mill-environment-independent kinetic parameters and material
transport, analytical solutions are possible. These have been applied with good results to many grinding
gystems.

FLOTATION

The modeling of flotation on the industrial scale is a relatively recent accomplishment, the most com-
plete models emanating from the National Institute for Metallurgy in South Africa [10].

In that formulation three mineral properties are considered to be the most influential on the rate of
flotation. These are the surface activity, mineral composition, and particle size. The overall rate is also
effected by operating properties such as the froth return rate, bubble surface area available for particle
adherence, distribution of solids and bubble residence times. These operating properties are determined by
the operating conditions and the mineral properties. Based on these considerations a first order rate equa-
tion has been developed and tested in which the overall rate of flotation can be expressed as:

r(k,G.D) = YR (D) ASE (kG.D) W 53
where r —rate at which mass enters the stream, a function of surface activity, mineral compo-
sition, particle size.

Y — fraction of pulp entering froth region which does not return to the pulp.

k — constant allowing for effects other than particle size or bubble surface area.
@ (D) —function to allow for effect of particle size.

A — total bubble surface area per unit volume of pulp.

5 —average fraction of total bubble surface area available for flotation.

w — total mass of solids in the pulp.

f, — density function for distribution of mass among properties of the solids.

@ (D) =(233¢"2D)exp(-¢/D?) (1-(D/D,)"5)

e= 12 Di ; D = max size particle floatable,
Do = particle size where recovery is maximum.
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For the batch cell equation 53 can be integrated to yield:
i —
W () fa(k,G,Dst) = W(0) f(k,G.D;0) exp [-kgA { 7Sdt] 4

in which it is recognized that y, S are dependent on time.
For the continuous cell a mass balance at steady state gives:

Mix fix k,G.D) — Mour fsour(k.G.D) = 7k@(D)ASWI, (k.G.D) 5d.a
where Mm' Mour are the total mass flowrate in the feed and tails, respectively.
If the flotation cell is assumed to be a perfect mixer, then
fi(k,G,D) = [y our (k,G.D).

Thus,

Mix fain (k.G.D) &
Mour fsout(K,G,D) = : 55.1
0T H0uT(R ) = 1+ KYa(D)ASWMeoT :

From these models all recoveries and grades can be calculated for the product streams of each cell
The models are complex, but computer programs available from the authors incorporate all necessary calcula-
tions. Comparisons with industrial and pilot-plant data have been made, demonstrating the efficacy of
the models.

HYDROMETALLURGY

Hydrometallurgical processes are receiving much attention recently because of the reduced energy con-
sumption and air pollution involved in these unit operations as compared to their alternatives. The operation
of leaching is now an important step in the processing of many metals. Almost every copper mining company
in the world has a copper leaching operation in conjunction with their flotation process. Other metals such
as aluminum, magnesium, lead, zine, uranium, manganese and rhenium are products of leaching operations.

One of the most industrially important processes is that of flotation concentrate leaching, which
extracts in solution metal values from particles of varying properties and, in the case of continuous leaching,
exposure to the lixiviant. The process mechanisms are multi-faceted in that they involve mass and/or heat
transfer, disperse phase reactions, and bulk flow.

The final section of this work will discuss the development of mathematical models for single and
multiple particle leaching in batch and continuous systems.

Single Particle Kinetics

For an individual particle, the kinetics of leaching is influenced be the geometry of the particle and
of the mineralization. Some particles, for instance, have their mineralization confined to thin layers on solid,
inert surfaces. In that case the surface available for reaction is unchanging. For other particles the reaction
can occur at a sharply defined interface which moves into the particle as the reaction proceeds.

The first type of reaction geometry in which there is a stationary reaction front can be considered to
consist of a system or matrix of pores on the surface of or inside the particle. The lixiviant is consumed by
mineral species C liberating metal component B. For the purpose of example it will be assumed that the par-
ticle is spherical.

C, (r, t) = concentration of B at distance r from center of particle at time t.
NB (r) = flux (mass/area-time) of B at position r due to diffusion.

R, —rate of production via chemical reaction of B per unit volume,

A mass balance for a spherical shell at radius r inside the particle gives: Rate of accumulations of B=Rate
entering shell—Rate leaving shell+Rate of productionby chemical reaction, Thus,

a
47 r3Ng(r) —47(r 4 dr)? Na(r 4-dr) 4+ Re 4%ridr = SE Ca(r,t)4nridr a7

From Fick’s Law:
Ni(r) = — Dg 8Cu(r,t)/or
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where D, — effective coefficient of diffusion for component B.
Substituting:

Di @ dCn (r.t) aCn (r,t) i
e (I e i R = ) 58
2 or [] dr T ot
The flux of B arriving at the surface of the particle is equal to that going into solution:
aCn (R.a) '
Np(lt) = — Dn a]:; ( == L;{I:(jn(k,t]—(-fn 5

where R =—radius of particle, kg — mass transfer coefficient across stagnant fluid layer adjaccent to par-

ticle surface, CB = concentration of B in the same fluid layer.

The particular chemical reaction kinetics for the term R, will generate a partial differential equation
which can sometimes be solved analytically or otherwise with numerical techniques.

For example, let R, = —k  C; A

where kg = surface reaction rate constant and A is average surface area per unit volume. If diffusion is
slow compared to chemical reaction and bulk transfer into the solution, then equation 58 admits the solution

2 ee - T 3 & d .
Ca(r.t) = Cn(r.o) 2R Z (1) Sin( nir \cx‘p{ — l)un‘-‘rr_'l{") i1
r n n \ It \
Xp(Ryt)=1— 6 E . exp - Dpn?r? rl.-’R") (2
w* n n? \
where XHlR,tl = fraction of B leached at timet. It is assumed that 63 = 0.

If the chemical reaction is rate controlling, the solution to equation 58 is:

Cy(t) = kg Cyl0) At t< tmax

C‘B(t) :CB (t max) t > tmax 63
Xp(t) =k, Cy(o0) At/p. t < tmax
X () =1 t > t max

Thus the fraction leached vs time for particles of equivalent dimensions would have the forms of fig. 5.

The case in which there is a moving reaction front has been intensively studied in applications to
copper sulfide leaching. The resulting mathematical model, called the «shrinking core model», developed for
spherical particles proposes that there is an unreacted core of minerals containing the valuable component
which is impervious to the lixiviant. As the reaction procedes the core recedes from the particle surface
leaving a product layer through which reactants and products travel to reach the reaction boundary or
surrounding solution, respectively.

To enable the development of solvable models it is generally assumed that the velocity with which
the core shrinks is small compared to the rate of diffusion in the product layer. This assumption is valid for
moderate levels of lixiviant concentration in the solution. In addition the density of the particle is consi-
dered to be constant during leaching.

Let a moles of lixiviant A react with ¢ moles of mineral C to produce b moles of valuable metal B
in ionic form. The initial radius of the particle is R; r, is the radius of the unreacted core at time t. For
species A and B the following mass balances apply:

Da @ [, 9Ch (1) 8Ca (rt)=0 re Zr ZR .
r? Br I af‘ - 3t 64 a
Da @ o 2Cs (1) eCn (r,t) — 0O e 27T 2R

)l B . =T L -
¢ or ar dt bdb

Equation 64 says that a steady-state exists in the produet layer at each radial distance r between the core
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surface and the surface of the particle. This is because the core appears to be stationary relative to a
rapidly diffusing species.
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Figure 5
Fraction leached vs time

Considering that the particle mass can be calculated by:

Mr=-—mr8 65

a reaction of first order in concentration and surface area can be expressed kinetically as:
dMr
dt

where A = 4 ¢r2, the surface area of a spherical portion of the particle of radius R or the surface area of
a particle of radius r, k= surface reaction rate constant, c/a——ratio expressing the reactistoichiometry,
the moles of mineral leacheed per mole of lixiviant.

=—k,Ca(rit)Ac/a 66

TECNICA 451/452 309



From these considerations the core radius can be determined as a function of lixiviant concentration:

_L‘l]‘.- o c/a ks Ca (re, T.__] 67

dt oc

In addition Fick's Law applied at the reaction and particle surface gives the following boundary conditions:

a0 (ret) § .
—Da 2 = ks Ca (re, 1) 6B
ars
oC Fel) b ks Ca (re,
— Da A (ret) b ks A (e, 1) 68.b
ar. a
a(_:.-\ R, - - "
—Da ™ & = kg(Ca(RR,1) —Ca) 68.c
dCk (R.t) S, ~ :
—Big _aRIF' " =Kg(Cr(Ryt) — Cn) 68.d
where C= concentration of species in bulk solution.
Considering component A, equation 64-a can be solved to yield:
G i B G A1 Cix) ] + l 69
Ca(n, ) =C aa (e, t) — C; ¢
i (G dret) ' r/re—r/R I—Rfre _ ]
in which case
dCa Ca—Calret) =
—D. rety=Dy ———— 0.
* ore (re,) £ re?/R — re
aC\ Ca— Calret) .
and — D Rty=Dy ———m———— 0.b
AR T TR R

Substituting the above expressions into equations 68-a and 68-c and combining, a solution for
C, (r,t) is obtained:

Cvlret) = EA/(i;s ((uk,,)(-:'{’ )2 HL,-'D,\) (r.;—ru'-‘,-'k)—}-l,-’ks)) 1

The recession velocity of the core can now be calculated from equation 67:

The mass fraction of C reacted at time t is:

Xe(t) =1 —(re/R)8 73

dX, (1) i Te 2 dr. 74
axigd dt R ( R ) dt !
Therefore,

de = Ree [ 1 R 144 ) 1/ -2/3

X () = (c/a)T =2 — (1-Xe(t)y— — W 7!

q e (t) = (c/a) A/I: 3 Kk[._’ + Da ((1 cfth) 1. e ke ( \c(t_}) l 5

The above equation can be integrated to obtain:

(= i Re(u | (1% :)”3 1]+ (ax )”s 1 Tatpc (a/ (0
3 \Da ~ g ) X0 +3p, [( X)) = ]"’ ke [( Sa(0) = _]“_ atpofaje) T

This solution is good as long as the quatity:

= Eaffpr;(u‘,. a) £ 0.5

If this condition is violated then the unsteady state solution must be used.
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Muitiple Particle Systems

For batch systems all particles of the same size will have the same fraction leached — vs — time
curves, Other particles will have a rather complex re lationship to the reference particles due to the size
function exhibited by equation 76. However, the fraction leached can be transformed into a cubic equation
in Z=(1-X )% and solved explicitly for X =X_ (R, t). Then the fraction leached of the feed size distribution
can be calculated by considering all sizes as follows:

4dl|’1=lx
Xe(t) = X(d.t)f,(d)yd(d)

min

-1
-3

where d=—2R, {3 (d) = density function for feed size distribution.
For continuos leaching in a well-mixed vessel, t he population balance must be considered because of

the distribution of residence times. Under the steady-state assumption the macroscopic population bhalance
model reduces to:

d fddy -1_1 Q5 Q_r) 78
d(d) dt 7 |° v I Sy :

Defining the mean residence time - as
T=V/Q 79

a mass balance on the lixiviant concentration gives:

a dl“.‘l‘ - . d[liﬂ: —
Caix—Caovr=— pu Cyd8 Yynd(d) — oc Cyd8 Y d(d) 80

€ J diin (8]

Equation 78 can be solved for'ﬁj knowing Em' ~ and the constants associated with d(d)/dt in equation 72.
Unless the surface reaction is rate controlling, the solution to 78 is not analytical. To arrive at this solution,
let the feed be uniform. These assumptions are not particularly common in applications of continuous leaching
of concentrates; however, they are not unrealistic because the uniform feed size distribution can be used as
a basis to discretize the real system.

d(d) dr. 2 ks Cayour

Thus, =2 — = ——— _ __KC\ouT o
dt dt fela/c)

The recession velocity of the unreacted core being constant gives as a solution assuming

§I N = [ Ei.-"r |Idmnx — dmin] dmin é d é dmnx 82
0
where ?I:average number of particles per unit volume in feed; d min, d max = minimum, maximum par-
ticle size in feed.

T Em n [ exp (— (dmin - d)/K Cx ovr 7 )— exp(— (dmax — d)/K Ca opr 1]] &
1—K Cyour Jm/ﬁ. [exp( — dimin/KCa 00T 7) — exp(— dmax/KCas ovT T )]
for d é dmin.

5 Bixn [1—exp(— (dmax — d)/KCa our ) ]

Y = . d 81
1—KCiour~ '}':N/ n1 | exp(— dmin/KCa out 7) — exp( — dmax/KCy ovurT) ]

for d > dmia.

d) =4 /7, fd) = dhi(d)/ [ A (d)d(Q) 8

. . ajc)ec M T o

Cain—Caour= lajeji By T P(KCy out 7) 86

6 (dmu: — (iu!in)

P(X) = (dsma: — dsmln) X—3 (dﬂmnx == d?‘mh:) X2 -l- 6 (dn'.lu - dmln) X8 —
— bB{exp(— dmax/X) — exp(—dmin/X) X4 87

To simulate a specific case let:

d max = 200 mm
d min = 50 mm
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pe = 2.33 X 1072 moles/cc

k. = 9.32 X 10 2 em/hr

L]

Il

CA wN=0 8 molar

< : variable

The values of p. and k_ correspond to those of chrysacolla, CuO. Si0,. 2H,0. The lixiviant concentra-
tion, species A being H.80,, corresponds to a pH approximately 0.10.
(activity coefficient of 1). For stoichiometric solids snd acid n, =~ 24,700 particles/ce. The quantity n  is
calculated from a mass balance:

duax = . _

Mt = pc — d8 nyfi (d)d(d) 88
dmia 6

where M'r = total mass/cc of solids in feed. Since MT is known, i.e, M'r = 8 X 10-4 moles/cec chrysacolla, and

in the feed:

f1 (d) = l,n'[(dmﬂx —_— Lillllll) 89

— d"llul
nj =0Mw'ﬂp.;f d? fi (d)d(d) a0
Umin

The graphs of Figure 6 show how the model can be used to generate detailed information about
the leaching of the mineral. In plot A the fraction leached is shown vs <t and 9 solids (in the feed).
This latter quantity is specified by moles of solid used per cc of solution, which in the stoichiometric case
corresponds to 8 X 10-4moles/cc acid. Both the number and mass size distributions in the outlet of the vessel
are plotted in C and D as a function of -, which is equivalent to flow rate (vol/time) if the volume of the
vessel is kept constant., The average particle size in the outlet is also show in B. It is apparent that after
about 50 to 60 hours, the system is very close to a state of equilibrium in which the particles are remain-
ing fixed in size; that is, not much leading is going on because the driving force of concentration gradient
has considerably diminished. The lefthand-side of equation 86 can be solved (iteratively) to establish C,, out
as a function of -~ to be plotted. (Due to lack of time this has not been done, but is not difficult to accom-
plish). It is also interesting to note that a high ¢ solids is not a good idea, at least for one perfect mixer,
since the fractional conversion would have a practical limit of about 50 % in the case of 20 9, solids.

With reference to experimental verification of these continuous leaching models for concentrates, it
appears that not much detailed experimental work has been reported for analysis. In this case the theory
has proceded the experiment. However, due to a national interest in optimum processing of copper sulfide
concentrates in the USA, experimental programs are underway at several western universities to test the
models. Preliminary results are encouraging; and since the models involve very few approximations that are
unrealistic, it is expected that these considerations will lead to maximum utilization of natural resources.
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Completado o navio Kaimei, gerador de energia a partir das ondas do mar

Estd a progredir no Japio a pes-
quisa sobre a producdo de electri-
cidade pelas ondas do mar. Os tes-
tes mundiais de primeira escala
sobre producao de energia pelas
ondas do mar para aplicacdo pra-
tica comecaram em 8 de Julho, no
Porto de Yura, Prefeitura de
Yamagata, a bordo do navio expe-
rimental Kaimei, que é o culminar
de pesquisais iniciadas em 1974 pela
Agéncia de Ciéncia e Tecnologia
e pelo Centro de Ciénecia Maritima
e Tecnologia do Japéo.

A geracio de energia das ondas,
também chamada geracgio de ener-
gia absorvente das ondas, tem o
efeito de acalmar as ondas do mar
ap mesmo tempo que aproveita a
sua energia para a piscicultura que
é levada a cabo intensamente nas
Aguas costeiras do Japdo.

Ag ondas altas sfo reduzidas du-
rante a geracio de electricidade
através da absorcio de energia das
ondas. Alssim, espera-se que a ge-
racio de energia das ondas sirva
o duplo objectivo de gerar electri-
cidade e possibilitar que as aguas
costeiras sejam usadas efectiva-
mente através do seu efeito cal-
mante.

Basicamente, o equipamento de
geracio de energia das ondas con-
ta com a accio das ondas para
empurrar o ar para dentro e para
fora das muitas cémaras de ar
colocadas a tedo o comprimento
de um longo corpo flutuante. A
corrente de ar atinge uma alta ve-
locidade depois de ser forcada a
passar atravé de bocais e poe em
movimento turbinas de ar e gera-
dores para produzir electricidade.
Ao mesmo tempo, a forga das on-
das enfraquece.

Um modelo experimental com
7,5m de comprimento e 1,2m de
largura colocado num tanque de
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dgua conseguiu absorver cerca de
80 % da energia das ondas como
energia de ar, reduzindo a altura
de grandes ondas em cerca de 2/3.

O equipamento gerador do navio
experimental a gora completado,
Kaimei, destina-se a gerar 200 kw
de electricidade. As pesquisas so-
bre o gerador comecaram em 1974,
e tém sido feitas virias inovagoes
para aumentar a eficiéncia gera-
dora. Ja foi investido no projecto
um total de 500 milhdes de ienes
(cerca de 2,5 milhdes de délares),
com outros 300 milhdes de ienes
orcamentados para o corrente ano
fiscal.

O Kaimei, que se assemelha a
um navio-tangue, tem 80m de
comprimento e 12m de largura e
pesa 500 toneladas. O casco con-
tém 11 pares de cAmaras de ar
com um gerador instalado por
cima do ponto médio de cada par.
A Agua do mar move-se para cima
e para baixo nas caAmaras sem
fundo, de acordo com a accio das
ondals. Quando uma onda se le-
vanta, o ar é empurrado para den-
tro de uma das duas cAmaras, e
quando a onda cai, o ar é sugado
para a outra cimara. A repeticido
deste processo mantém o movi-
mento giratério da turbina de ar.

No corrente amo fiscal, serao
conduzidas experiéncias com 3 ge-
radores instalados, respectivamen-
te, na proa, na popa e a meia-nau.
Sob um acordo internacional, sera
realizado no préximo ano fiscal um
estudo comparativo, com geradores
desenvolvidos pela Gra-Bretanha e
Estados Unidos, a serem instala-
doz a bordo do Kaimei.

Eventualmente equipado com 11
geradores, o Kaimei serd capaz de
gerar cerca de 2000 kw de electri-
cidade.

0 uso da energia das ondas é um

dos temas de pesquisa da Agéncia
Internacional de Energia (AIE).
Além do Japao, participam tam-
bém neste projecto os Estados Uni-
dos, Suécia, Canadi, Peru, Holan-
da, Dinamarca, Bélgica e Irlanda.

O sistema de turbina de ar do
Japao e o método Salter Cam da
Gria-Bretanha sido considerados al-
tamente promissores na geracio de
energia a partir das ondas. Por
isso, sdo colocadas grandes espe-
rancas na experiéncia a grande es-
cala do Japdo como uma grande
contribuicAo no campo da utiliza-
cdo da energia das ondas.

Uma vez postos em uso pritico,
os geradores de energia das ondas
servirdo como uma fonte de ener-
gia para as principais ilhas, assim
como para as mais afastadas. O
seu efeito redutor ds ondas ajuda-
ra também a proteger a pesca cos-
teira & a cultura de peixes, evitar
desastres naturais na beira-mar e
conservar as obras de engenharia
civil ao longo da costa.

Particularmente digno de nota é
o plano para fazer uso das ondas
de inverno do Mar do Japdo e usar
a energia gerada pelas ondas para
fazer funcionar o equipamento de
derreter meves nas regioes de gran-
des nevoes ao norte de Honshu.

Varias experiéncias a bordo do
Kaimei continuariao até 1880, e se
elas provarem, a geracio de ener-
gia a partir das ondas serd posta
em priatica em 1981.

Para o Japdo, um pais insular
com 13 000 km de linha de costa,
as ondas constituem a mais abun-
dante fonte de energia ainda por
ser utilizada. Em breve, o Japao
serd capaz de gerar 1,4 bilides de
kw de electricidade por ano, a par-
tir do mar que o rodeia.

(Extraido do <Boletim Informativo
da Emhbaixada do Japios, (399) Dezem-
bro 1978),
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Le parametrage des reserves

RESUMO

Distinguem-se dois aspectos da parametrizagdo
pratica das reservas de wm jazigo — a parametriza-
¢dao téenica, em que se pretende obter o valor do
teor de corte que maximiza a quantidade de metal
para uma tonelagem fizada e uma optimizacdo eco-
némica.

Desenvolve-se a parametriza¢do técnica tratando o
caso da selecgdo livre e o caso da selec¢do sob cons-
trangimentos geométricos que podem referir-se a
jazigos estratiformes e a desmontes a céu aberto.

Le présent texte est une synthése de la note
N-453 de G. MATHERON publiée au Centre de
Morphologie Mathématique de I'ECOLE DES MINES
DE PARIS em Décembre 1975.

| — INTRODUCTION

L’objectif théorique — et idéal — du paramétrage
des réserves d'un gisement serait de dgterminer, en
fonetion des divers parameétres qui interviennent dans
la formule de valorisation (cours des métaux, cofits

divers...) la meilleure exploitation techniquement
possible.
Formellement, Y/ b:(b]. ...b ) la valeur des

parameétres économiques, il existe un ou plusieurs
projects w(b) qui maximisent la formule de valorisa-
tion B(y, b) & b fixé. On note y(b) le maximum.

7(b) = B(w(b), b) = SupB(w,b)

Si le projet , présente les caractéristiques techni-
ques X, (teneur de coupure, taux de découverture,
tonnage minerai...), on a le paramétrage:

fi(b) = Xi(;(b)}avec 7(b)= SupyB(w,b).

Malheureusement, dans la pratique, il est impos-
sible de formuler le probléme de cette maniére, pour
2 raisons:

— Le gisement n'est pas connu, mais seulement
estimé.

— 11 est impensable de pouvoir optimiser & la

D. GUIBAL *

ABSTRACT

Two features of the pratical ore reserve para-
metrization of an orebody are developed — the the-
chnical parametrization, in which the aim is to cal-
culate the cut off grade that maximizes the metal
content for a fived tonnage and the economical opti-
mization.

The technical parametrizaton is emphasized in
two cases — the free selection and the selection under
geometric constraints in stratigraphic deposits or
open pit operations.

fois toutes les opérations trés complexes qui
constituent l'exploitation d'un gisement.

L’idée essentielle qui nous guidera donc dans le
paramétrage «pratique» des réserves sera de séparer
le probléeme en phases a peu prés indépendantes, et
de chercher, & chaque fois, des méthodes de simpli-
fication. A titre d'exemple, déja ancien, citons la trés
connue relation tonnage-teneur de Lasky: a partir
d'un modéle trés simple d'un porphyri-copper (teneur
réguliérement décroissante depuis un coeur riche),
Lasky a cherché a étudier la variation des réserves
récupgrables en fonction de la teneur de coupure z .

Fig. 1

Le domaine exploité est celui limité par l'isote-
neur z_ :

Bgo = {x | 2(x) > zo}

Son tonnage et sa quantité de métal contenue
sont respectivement:

* Centre de Geostatistique de I'feole Sup de Mines de Paris (Fontainebleau).
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T(s) - ’” dx et Q(z) = 'P Z(x)dx

. " o By
o 0

Q (z)

D'on la teneur: m(z) = ———
T (z,)

Par élimination de z, on trouve une relation
entre Q et T et m et T. Cette derniére peut, dans
certaines limites, prendre la forme bien connue
m=g—p Log T (loi de Lasky).

En termes dhistogrammes F(dz) des teneurs
ponctuelles, Lasky utilisait la relation:

T(dz) =T F(dz) ou T  représente le tonnage ma-
ximal possible — On en déduit les relations tonnage-
-teneur:

T(z,) =T, (1-F(z))

an

Q(z) TUJ | 7F(d2)

Cet exemple — classique — de paramétrage peut
étre critiqué d'un point de vue géostatistique (1'histo-
gramme des teneurs correspond a4 des carottes, non
a des blocs; les teneurs vraies des bloes ne sont pas
connues, mais estimées et, enfin, il existe des con-
traintes géomgtriques sur la sélection qui font qu'on
ne peut pas enlever un bloc indépendamment d'un
autre). Il est cependant trés instructif, car il intro-
duit 'idée simple d'un paramétrage en fonction d'un
seul parameétre technique (la teneur de coupure z ).
Méme si les paramétres économiques de la formule
de valorisation sont trés nombreux, le meilleur choix
possible du volume & exploiter en vue d'obtenir un
tonnage T donné est celui qui maximise la quantité
de métal Q a T fixé.

On peut donc scinder le probléme de l'optimisa-
tion en 2 parties:

— Un paramétrage technigue: en fonction du
paramétre technique z, on détermine le projet
qui maximise Q & T(z ) fixé.

— une optimisation économique: on choisit en-
suite z de maniére a optimiser la formule de
valorisation.

C'est cette dgmarche — double — que 1'on tentera
de généraliser.

Il —LES FACTEURS DU PARAMETRAGE TECNIQUE :

Tls sont assez nombreux.

a) Les caractéristiques technologiques de I|'exploitation:

Elles peuvent imposer des contraintes qui limi-
tent le nombre de projets possibles a des contours
autorisés. Par exemple, dans une exploitation & ciel
ouvert, il faut respecter la pente des talus: autrement
dit, pour pouvoir exploiter un bloc x, il faut avoir
exploité auparavant tous les bloes contenus dans le
cone de sommet x et de pente celle du talus.
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b} La sélection :

Celle-ci peut étre simple ou double. Dans ce
dernier cas, on distinguera une sélection d’extraction
(choix du volume V a extraire) et une sélection du
minerai (les petits blocs v inclus dans V sont en-
voyeés, soit au stérile, soit & l'usine de traitement).

A chaque niveau de sélection, il convient de pré-
ciser le support (taille des blocs), et les contraintes
géométriques a lagquelle elle est soumise.

¢) Le niveau d'information disponible :

Il convient de distinguer soigneusement l'infor-
mation actuelle, disponible au moment de 1'étude et
I'information future, disponible au moment de la
sglection effective, qui est souvent différente de la
premiére et qu’il faudra anticiper en probabilité.

d) Les criteres de selection :
Tis sont de la forme:

£, (information au moment de la décision de selec-
tion 8,) > z, ou z, représente un paramétre.

L.es fonctions critiques f1 doivent étre telles que
I'optimum économique figure dans la famille de pro-
jets définis par les f,.

Pratiquement, on prend souvent, pour f, les esti-

=
mateurs Z formés avec l'information future dispo-
nible et les z, sont alors des teneurs de coupure.

e) La formule de valorisation B

Elle dépend des paramétres économiques et des
caractéristiques du gisement. Souvent B sera une
fonction de Q,(quantité de métal), T, (tonnage mine-
rai sélectionné) et V, (tonnage total extrait), crois-
sante en Q,, décroissante en T, et V..

Un cas particuliérement simple est celui ou B
est linéaire:

B=aQ — AV —gT

Il — SELECTION LIBRE

a) Selection libre et simple

Dans ce ecas, le gisement est découpé en blocs
égaux v, de volume v, qu'on peut sélectionner indé-
pendamment; il s'agit de maximiser la quantité de

by

métal Q = v T(d Z(v,), & tonnage (donc k) fixé, et
quelle que soit la formule de valorisation B.

Z(v,) n'est pas connu: on utilise un estimateur
Z*(v,). On impose & cet estimateur la condition de
non biais conditionnel:

E[Z(vtﬁ ] Z*{\rl)] = Z*(vl)‘ (condition un

peu plus forte que la condition classique de non biais
du krigeage, mais on peut admettre que l'estimateur
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de krigeage n'est pas trop mauvais de ce point de
vue),

On montre que Y B, il faut utiliser comme cri-
tére de sélection Z*(v,) > z ou z, paramétre techni-
que, est une teneur de coupure appliquée a l'estima-
teur futur. Au stade de I'étude, Z*(v,) est inconnu; on
devrait donc calculer pour chaque v, la quantité
P(2Z*%(vy) > = | Zqg) (Zg: information actuellement
disponible) et estimer le tonnage total T(z) par
T*(z) = v Y} P(Z*(V)) >z | Zqa).

En fait, cette procédure peut étre simplifiée s'il
y a un nombre suffisant de v : la sommation redonne
approximativement la probabilité non conditionnelle:

T(z) = NvP(Z* (v) > z)

Pour effectuer ce caleul, il suffit de connaitre
la loi a priori de l'estimateur futur F*(dz).
D'oii le paramétrage cherché (en posant T =Nv)

o

T(z) =T, [ , Fra

oo
Q(z,) =T, I = z F* (dz)

F#, en général inconnu, peut s'obtenir a partir de
I'histogramme des Z, moyennant des hypothéses de
permanence.

L'optimisation économique consiste ensuite en la
recherche de z, valeur de z qui maximise B.

Dans le cas trés simple ou B est linéaire en

Z(v;)
B(Z(v,) )=V(a Z(v,)—b)

a=valeur du point métal connu
{ b=frais d'exploitation

on obtient facilement:

b
z = — (c'est la classique régle marginaliste: on
a

0

exploite tout bloec qui paie ses frais en awval).

b) Selection libre & 2 niveaux
On suppose a présent 2 sélections successives:

— une sélection S, d’ewtraction sur la base d'une
information I, (pas nécessairement disponible
au moment de l'¢tude) permet de choisir les
grands panneaux V1

— une sélection S, du minerai sur la base d'une
information I, plus riche qu'I, permet de choi-
sir dans chacun des V, précédemment sélec-
tionné les bloes v, i a envoyer au traitement.

1) Cas ou |y est disponible

Au niveau de chaque panneau VJ de premiére
séletion, on réalise le méme paramétrage qu'en a);
d'ott I'estimation (locale):
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v a) *
v, Fy (dz | I,)

Z
. 3

T (z,)
00 i

Q,(z,) =V, ' 2 F, (dz | 1)
2

o' o

Ces fonctions de transfert des panneaux peuvent
étre estimées a l'aide du krigeage disjonctif,

Il faut optimiser & présent la sélection S, (choix
des V,); dans le cas simple ou la formule de valori-
sation est linéaire:

B=aQ—-bT—cV
V: volume extrait

T. tonnage traité
Q: métal conteau

b: prix de revient du traitement
c: colt d'extraction
a: valeur du point métal

On montre qu'il y a 2 paramétres techniques (teneurs

de coupure):

b
z = — valeur optimale de z a Vj fixé (car cV

est déja dépensé)
c
A

Le critére de sélection des panneaux V]. est done:

 (2) > 0T (2) + 2V,

(z
f [1 - 1~ (z |1 )J
<—E I:(:"—*(VJ] — ) i zt:|2 Z

On effectue done S, pour Z, et z,,
so0it J (z,
alors:

selon ce critére;
, 2,) l'ensemble des indices j retenus, on a

T(aez) = ) Ty(z,)

jeJ
Qlzgz) = Y, Q(
jed
Viz2)) = E Vi(z,
jeJ

Quand B n'est pas linéaire, les formules sont plus
complexes, et on ne peut séparer le paramétrage
technique et loptimisation économique.

2) Cas ou |y n'est pas disponible

Ce cas est nettement plus difficile: il faut anti-
ciper en probabilité les fonctions de transfert, ce
qui conduit & l'utilisation du krigeage disjonctif.
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IV — SELECTION SOUS CONTRAINTE

Nous nous limiterons au cas de la sélection sim-
ple. Un formalisme semblable, quoiqu'un peu plus
lourd, peut étre développé pour une sélection double
(paramétrage en V et T).

La contrainte s'exprime par le fait que tout pro-

jet doit appartenir & une famille de contours auto-
Tisés.

Ex.: ciel owvert: un contour autorisé A doit
respecter les pentes d'équilibre (talus), donc A =
= U 1, ou 1, est le cone de sommet x et de pentes
les pentes d'équilibre.

Gisement stratiforme (toit et mur de teneur):
dans chaque panneau Pj, la partie exploitge est une
tranche horizontale de puissance > p donnée.

Parmi tous les projets A, tels que V(A) € v, le
meilleur est celui qui maximise la quantité métal
Q(A)

Vv A, | Q(v) = Sup { QA) | A€Bet V(A) <v }

Si on suppose l'information I qui sert au choix
de A disponible, alors il revient au méme de travailler
en teneurs vraies ou teneurs estimées (vérifiant le
non biais conditionnel): il faut en effet maximiser

Q*(A) :J q*(x)dx
A

Malheureusement, cette maximisation n'est pas
trés facile et fait appel 4 une combinatoire trés dé-
veloppée. C'est pourquoi s'est développée la techni-
que de l'analyse convewre qui cherche & remplacer la
courbe Q(v) par son enveloppe concave.

Glv)

Fig. 2

Posons W2 = 0

70) = sup {QA) — IV(A)}
A

Sait 'B:\ la famille des A € Bqui réalise ce sup; soient

- +
enfin A et A, les éléments de /quui minimisent
et maximisent V(A).
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Pour V(A) € v, on a: Q(A) —A v < y())
et Q(v) — A v £ v())
avec égalité seulement si v=V(A ) pour A & B
b A A

Done y(A) = Sup {Q(v) — A v}

v>0
Si on pose

Q(v) = Inf (y(\) + Av)
xS0

on obtient l'enveloppe concave de Q(v), comme il
est facile de la vérifier.

On en déduit le paramétrage des réserves en A:

¥ A = 0, la droite g — Av = y(j) admet deux points
d'appui extrémes:

- - i + - +
v , et (V , associés 4 A et A | Le
( s e ?\} ( A Q?\ ) A A

paramétrage est:

|

V() =vA)) Vi) =val)
+

QM=)

QT (M) =Q(A))

=

dont on démontre qu'il est unique

Donnons deux exemples:

a) Toit et mur de teneur

1 sagit de déterminer pour un gisement strati-
forme les cotes a, et b, du toit et du mur en chaque
panneau P, connaissant le krigeage des tranches
horizontales de coté x Z*(x)

b

Q— WV = L‘j Fz (x) = Wy
i a
i
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Fig. 4

On optimise chacun des panneaux séparément:
on obtient: (Z* (x) < A dés que x est au-dessus de
a ou en dessous de b )

TL(” - {bi- a)

b, s
Qii).)=f 'z, (x)d
a4

et T(3) = Z T

Q) = X Q0

Une application trés détaillée de cette méthode
4 un gisement de phosphates figure dans [1].

b) Ciel ouvert

On a vu que les contraintes de pente s'expriment
par le fait que dés que l'on veut extraire un bloc X,
il faut extraire tout le cone p,. On a la relation
dordre y > x si y€ .

La famille B des contours autorisés est consti-
tuée des ensembles stables pour 7.

On considére d’autre part l'ensemble J des fonc-
tions 1 croissantes

TECNICA 451/452

On recherche les contours qui réalisent le
sup {Q —X V} = ().

Soit B  la famille de ces contours, B et B
A A A

le plus petit et le plus grand élément, on associe alors
a chaque bloc x, une fonction A définie de maniére
unique par:

AlX) = 8 A €B"
Alx) = Suj X €

P { )
Il est facile de voir que A € 7

et que: B-;:[A;}\}- B_}:={A>>\}

On montre alors que A représente la projection

de la teneuwr q(x) sur J et définit complétement le
paramétrage des réserves par:

BTy = {az1] By ={n=a}
Wty = f V (dx) V*;_zj V (dx)
J Az A>)

Ax) v (dx)
A

Q{'),=f CA(x)V(dx) Qy
A=

Une application importante de ce paramétrage
est l'élaboration d'un programme automatique de
dessin de carriére original pour lequel on pourra
consulter [2].
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Encontros sobre métodos quantitativos aplicados as variaveis regionalizadas

O Centro de Valorizacdo de Re-
cursos Minerais da Universidade
Técnica de Lishoa pretende reunir,
na 2." quinzena de Outubro do pre-
sente ano. um conjunto de inves-
tigadores interessados pela aplica-
¢io de metodologias (teoria das
funcoes aleatérias; processos esto-
casticos e estatisticas multivarian-
tes) no tratamento de varidaveis ou
indices qualitativos detectaveis em
sistemas naturais.

A tematica sugerida para estes
encontros é a seguinte:

ANALISE ESTRUTURAL —
Andlise de dados (classificacdo, ti-
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pologia, taxonomia numérica, ana-
lise factorial de correspondéncias,
ete.). Espectros, covariancias, va-
riografia, «pattern recognitions;

ESTIMACAO E SIMULACAO—
Estimadores lineares e nao linea-
res. Processos ndo estacionarios.
Simulacido de variaveis correlacio-
nadas;

FILTRAGEM E REGULARIZA-
CAO — Atenuacio de variaveis re-
gionalizadas;

DECISAO E OPTIMIZACAO —
Programacio dinimica. Processos
markovianos. Econometria;

SISTEMAS — Aplicagdo da teo-
ria dos sistemas & modelizacido dos
recursos naturais.

Os investigadores interessados
em colaborar, deverdo comunicar
com & maior brevidade as suas cri-
ticas e sugestdes, bem como o
tema e resumo da sua eventual
comunicagido para:

Comissao organizadora dos en-
contros, CVRMUTL. IST — Pavi-
lhao de Minas, Av. Rovisco Pais,
1000 Lisboa, Tel. 80 12 10.
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Dynamic programming and its aplication

to cut-off grade problems

RESUMO

A determinagao das sequéncias éptimas de teores
de corte e ritmos de produ¢iao durante a vida de wmna
mina € um problema que tem sido particularmente
debatido nos iltimos 15 anos.

O propésito desta comunicag¢do é o de apresentar
o problema no quadro da programagdo dindmica:
deterministica ou estocdstica. O primeiro aspecto co-
bre os casos em que os pregos e custos envolvidos
podem. ser perfeitamente fixados e o tiltimo quando
estio sujeifos a flutuagdes aleatérias podendo-se an-
tecipar o sew valor em probabilidade.

DYNAMIC PROGRAMMING

Dynamic programming fis based on the applica-
tion of a simple property of multistage decision
processes, This property has been formulated by
Bellman [1], in his principle of optimality: «An opti-
mal policy has the property that whatever the initial
state and initial decision are, the remaining decisions
must constitute an optimal policy with regard to the
state resulting from the first decisions.

At each of a given set of times a decision is to
bo chosen from a finite set of decisions. For example,
if one of four possible decisions must be chosen at
each decision time and the process consists of, say,
ten such decision times, there are 4" possible different
sequences of ten decisions each. If there is a value
associated with each of these decisions we may be
interested in finding the decision sequence which
has maximum or minimum wvalue, Such a problem
can be solved by applying the technigue of dynamic
programming.

The method is characterised by:
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ABSTRACT

The determination of optimal sequences of cut-off
grades and production rates over the life of a mine
is a problem that has received much attention in
mining literature, especially during the last 15 years.
The aim of this paper is to present the problem as a
deterministic ar stochastic program. The former re-
presents the case when future prices and costs can be
perfectly predicted, and the later when they are
subject to random changes and can be predicted in
terms of probabilities.

a) A function defining the total value at each
decision time of the system.

b) The set of permissible decisions.

c¢) The present state of the system.

d) The number of steps remaining before the
procedure is terminated.

Consider, for example, the simplified situation
illustrated in Fig. 1. A small deposit can be mined at
either of two cut-off grades: the line of higher slope
represents the higher cut-off grade. If the entire ope-
ration is carried out at the lower cut-off grade, the
deposit will be depleted after six periods, and 600
tons of ore above the cut-off grade will be produced.
On the other hand, the deposit will be depleted after
two periods, if mining is carried out at the higher
grade, and 200 tons will be produced. Between theze
two extremes several combinations are possible, as
shown in Fig. 1. Suppose that 100 tons of ore at the
lower grade can be sold at $500, and that the same
amount at the higher grade will fetch §1000: with a

321



discount rate of 20 ¢, the values of each decision
are shown in Fig, 1.
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Figure 1
Decision sequence graph

The problem is to find the route of maximal value
between the point of departure (0) and the upper
horizon, representing depletion of the deposit. There
iz only one route from 0 to A and one to B, At A we
can write the value 417 and at B 833, representing
the value of the routes to these points. We must now
look for the routes from 0 to C, D and E; but, as a
consequence of the principle of optimality, it is only
necessary to consider the routes from A and B that
have already been assigned values. The route of maxi-
mal value from 0 to D iz thus OBD, and at D we
can write the value 1180. Next we look for the opti-
mal routes from 0 to F, G and H and we need only
consider those from C, D and E, and so on.

The optimal route is thug OBDGK, i.e. to mine
at the higher cut-off grade during the first period
and thereafter at the lower cut-off grade. Production
at the higher grade during the second period is traded
off against the discounted amounts at the lower grade
during the next three periods. It should be understood
that this is a very elementary example, but it illustra-
tes the basic concept of dynamic programming.

An expression for this principle of optimisation
can be formulated as follows:

Let Rix,, ¥ii Xy Vi o

xn' y[l) = (xl' 3.I-T) +
£ gz {xz‘ yQ) +o..F gll (xu' -vn)

be the return from producing X, tons at a grade

¥, % in period one plus the return from producing x,

tons at y, % in period two, etc. The object is to
maximize the return R subject to the constraints

n
X, > 0 and 2 X, =x
=1
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where x is the total ore reserve. The basic functional
equation for this maximization is

fn (x) =max [g (x,y)+f ., (x=x)]

x L) y
B

where f (x) is the benefit obtained from the optimal
policy for n periods. Roman [15] was the first to
apply dynamic programming to mining production
problems but he limited his study to variable produc-
tion rates, Noren [13] also used dynamic program-
ming, but assumed constant average grade and cons-
tant production rate within defined sub-regions.

ASSUMPTIONS AND LIMITATIONS IN APPLYING
DYNAMIC PROGRAMMING TO CUT-OFF GRADE
PROBLEMS

It is assumed that the distribution of the grade
values will apply uniformly throughout the space in
which it is defined so that, for instance, any single
ton mined will have exactly the same grade distri-
bution as the entire space.

It should be noted that this is an unrealistic
assumption as it implies that any sample regardless
of size or position will always have the same mean
grade with the same variance. However, if the grades
of a volume v are distributed lognormally within a
portion V of a deposit then so are the volumes v' (of
different size and shape) in the portion V' of the
same deposit. But the lognormal parameters, median
and variance, take different numerical values as a
function of the size and shape of v and V (see «La
theorie de DeWijs et la permanence de la lognor-
malite» in [12]. Thus it is not the permanence of
the distribution that is in question only the parame-
ters of that distribution. But zo long as we are only
concerned with an «average» situation and are not
interested in «in situ» blocks of ore the assumption
seems valid.

One limitation on dynamic programming solutions
is the computer memory and time involved. A cut-off
grade problem involving 5,000,000 decisions for exam-
ple, takes approximately 40 minutes on an IBM 360/
/50. However, problems can quite often be reduced
by reducing the range of possible decisions.

It is implicitly assumed that the entire deposit
as defined by the grade distribution should be mined
out, but only that proportion of material mined that
is above the cut-off grade should be sent to the con-
centrator.

These assumptions are obviously more justifiable
in the case of open pit mining than in underground
mining. For the latter, however, their effects can
be somewhat mitigated in that the deposit can be
divided into a number of different distributions
through which mining progresses. In addition, va-
riable mining costs can be applied to any specified
proportion of the material through which mining is
carried out to represent the ratio of the amount of
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ore mined to that actually sent to the surface for
milling.

To simplify the problem it will be assumed that
there is no stockpilling of ore and that, at least on
average, all ore mined within any twelvemonth period
will also be processed during that period. It is possi-
ble, however, to take stockpiling into account with
the method.

THE DEPOSIT

As an example, a porphyry copper deposit with
a grade distribution shown in Fig. 2 is used. This
distribution is that of 100 ft. X 100 ft. X 100 ft. blocks
in a 2000 ft. X 2000 ft. (horizontal plan) X 500 ft.
(vertical) field. The mean grade of the blocks is
1.19 9. The analysis presented here is further simpli-
fied, in that stripping ratios and capital costs will
not be considered.

5
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Figure 2

Distribution of blocks in deposit

Concentrator operation: recovery and concentrate
grade,

The concentrator has been assumed to have a
maximum throughput of 30,000 tons/day. Recovery
has been expressed as a function of head grade and
concentrate grade in a way felt to be typieal of such
relationships for porphyry copper deposits. In the
example presented here, head grade may vary from
1.19 to 1.50 9, depending on the cut-off grade, and it
is assumed that concentrate grade will remain more
or less stable at 25 %.

The recovery relationship is expressed as

Recovery, % = —(h—1.4)? X 29,53 + 92.0

for h< 1.4 9

= 92.0 for h > 14 %

where h is the head grade, and the concentrate grade

iy assumed to be fixed at 25 ¢;. In fact, any function
at all may be specified, including a constant recovery
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rate. Concentrate grade may also be specified as a
function.

In general, the profit function cannot be ex-
pressed as a linear function of the tonnage and crude
ore cut-off grade but, rather, as a function of the
tonnage and the grade of the concentrate yielded by
the mill. Thus, the definition of recovery and con-
centrate grade relationships is very important; these
functions will have a significant effect not only on
the determination of optimal schedules but also on
the sensitivity of optimal solutions to changes in pa-
rameters — such as costs and prices.

ECONOMIC CONDITIONS

Perfect competition (i.e. with the company's
output too small to affect the market conditions) has
been assumed in the examples presented in this paper,
although this is not a requirement of the method.
Provided that the information is available, prices
can be specified as a function of production (output
placed on the market). Prices and costs can vary
over time, either deterministically as specified values
or specified functions of time, or stochastically in
terms of probability. By use of these options we can
allow the influence of decisions at all future times
to be felt in the current decision. Variable or constant
taxation schedules can also be specified as part of
the input.

EXAMPLE: STABLE MARKET CONDITIONS

The prices, costs and operating conditions used
in this example are those specified in Table 1 together
with the previously specified recovery function and
concentrate grade.

Table 2 shows the optimal schedule when varia-
ble mining costs are applied to all excavations (i.e.
the amounts shown in the column headed <«Depletion
rate of deposit»); and Table 3 shows the optimal
schedule when these costs are applied only to the
actual amount sent to the concentrator (i.e. the
amounts shown in the columm headed <«Production
rate»). The former case corresponds more closely to
open-pit mining, whereas the latter is cloger to under-
ground mining — although the apportioning of varia-
ble mining costs in underground mining would nor-
mally lie somewhere between the two extremes, and
would vary throughout the deposit, depending on the
amount of material through which mining must pro-
gress to obtain ore above the cut-off grade.

The apportionment of the variable mining costs
could also be interpreted in terms of selectivity., The
application of variable mining costs to the production
rate corresponds to perfect selectivity, whereas the
application of these costs to the depletion rate corres-
ponds to a more expensive gelectivity in mining.

323



TABLE 1

Data used in example

Fixed mining cost $875 000 per year
Variable mining cost $1.10 per ton
Fixed concentrating cost $875 000 per year
Variable concentrating cost $0.725 per ton
Smelter treatment charge $185 per ton of concentrate
Transportation charge $10 per ton of concentrate
Gross market price for metal in concentrate $0.65 per 1b
Deductionsg from market price $0.05 per 1b
Deduction from concentrate grade 1.0 9
Maximum depletion (mining) rate 36 000 tons per day
Minimum tonnage interval for which a decision to

mine or not can be made 1500 tons
Maximum daily production (concentrator throughput) 30 000 tons
Interval between cutoff grade decisions 0.025 %
Discount rate 25 %

TABLE 2

Variable mining costs applied to depletion rate of deposit

Year Depletion rate of deposit, Production rate, Cutoff grade, % Discounted profit, $
tons/day tons/day
1 33 000 30 000 0.865 17 940 384
2 33 000 30 000 0.865 14 352 307
3 33 000 30 000 0.865 11 481 846
4 31 500 30 000 0.815 9 155 987
5 31 500 30 000 0.815 7324 790
6 31 500 30 000 0.815 5 859 832
Y 31 500 30 000 0.815 4 687 865
8 31 500 30 000 0815 3 750 292
9 31 500 30 000 0.815 3 000 234
10 30 000 30 000 0.640 2 364 936
11 30 000 30 000 0.640 1891949
12 30 000 30 000 0.640 1513 559
13 30 000 30 000 0.640 1210 847
14 30 000 30 000 0.640 968 670

Total discounted profit $85 503 506
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TABLE 3

Variable mining costs applied to production rate

Year Depletion rate of deposit, Production rate, Cutoff grade, % Discounted profit, $§
tons/day tons/day
1 36 000 30 000 0.940 19 711 415 -
2 36 000 30 000 0.940 15769 132
3 36 000 30 000 0.940 12 615 306
4 36 000 30 000 0.940 10 092 245
5 36 000 30 000 0.940 8 073 796
6 36 000 30 000 0.940 6 459 037
7 36 000 30 000 0.940 5 167 229
8 36 000 30 000 0.940 4133 783
9 33 000 30 000 0.865 3177474
10 33 000 30 000 0.865 2541 979
11 31500 30 000 0.815 1972 386
12 30 000 30 000 0.640 1514 042
13—13.8 30 000 30 000 0.640 884 373

Total discounted profit $92 112 197

In the schedules of Tables 2 and 3 the cut-off
grade is lowered progressively throughout the life
of the mine, but at different rates. The cut-off grade
is lowered at a slower rate when variable mining
costs are applied to the production rate than when
they are applied to the depletion rate. The same holds
true for the mining or depletion rate.

Within the context of long-term stable market
conditions it is now possible to examine the effects
of a change in value of any of the specified variables.
Since price is generally considered to be the most
significant wvariable, the effectz of an increase to
$0.75/1b and a decrease to $0.60/1b will be examined.

When variable mining costs are applied to the
production rate, the schedules of Table 4 are obtained.
The mean cut-off grade is lowered to 0.859 9 when
the price is increased to $0.75/1b and raised to 0.929 %
when the price falls to $0.60/lb. Both cut-off grade
and depletion rate become more stable as the price
iz lowered. On the other hand, when variable mining
costs are applied to the depletion rate a rise in price
allows the depletion rate to increase; but, to maintain
concentrator capacity, the cut-off grade must be
raised as shown in the schedules of Table 5.

TABLE 4

Production schedules as a function of metal price: variable mining costs applied

to production rate

Price §0.60/1b

Price $0.75/1b

Depletion Depletion
rate of Produetion Cutoff rate of Production Cutoff
Year deposit, rate, grade, deposit, rate, grade,
tons/day tons/day % tons/day tons/day %
1 36 000 30 000 0.940 36 000 30 000 0.940
2 36 000 30 000 0.940 36 000 30 000 0.940
3 36 000 30 000 0.940 36 000 30 000 0.940
4 36 000 30 000 0.940 36 000 30 000 0.940
5 36 000 30 000 0.940 36 000 30 000 0.940
6 36 000 30 000 0.940 36 000 30 000 0.940
7 36 C00 30 000 0.940 36 000 30 000 0.940
8 36 000 30 000 0.940 33 000 30 000 0.865
) 36 000 30 000 0.940 33 000 30 000 0.865
10 36 000 30 000« 0.940 31 500 30 000 0.815
11 34 500 30 000 0.915 30000 30 000 0.640
12 33 000 30 000 0.865 30 000 30 000 0.640
13 31.200* 30 000 0.790 30 0007 30 000 0.640

Discounted profit $47 712 448
Mean cutoff grade 0.929 %

Discounted profit $181 161 052
Mean cutoff grade 0.859 9%

* Terminates at 13.3 years t Terminates at 13.9 years
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TABLE 5

Production schedules as a function of metal price: variable mining costs applied

to depletion rate

Year

2 e =3 ;o o W |

L
L T S T =]

Price $0.60/1b Price $0.75/1b

Depletion Depletion

rate of Production Cutoff rate of Production Cutoff
deposit, rate, grade, deposit, rate, grade,
tons/day tons/day % tonsg/day tons/day %

31 500 30 000 0.815 33 000 30 000 0.865
31 500 30 000 0.815 33 000 30 000 0.865
31 500 30 000 0.815 33 000 30 000 0.865
31 500 30 000 0.815 33 000 30 000 0.865
31500 30000 0.815 33 000 30 000 0.865
31 500 30 000 0.815 33 000 30 000 0.865
30 000 30 000 0.640 31 500 30 000 0.815
30 000 30 000 0.640 31 500 30 000 0.815
30 000 30 000 0.640 31 500 30 000 0.815
30 000 30 000 0.640 30 000 30 000 0.640
3¢ 000 30 000 0.640 30 000 30 000 0.640
30 000 30 000 0.640 30 000 30 000 0.640
30 000 30 000 0.640 30000 30 000 0.640
30 000* 30000 0.640 30 0007 30 000 0.640

Discounted profit $41 376 506
Mean cutoff grade 0.721 95

Discounted profit $174 281 690
Mean cutoff grade 0.779 %

* Terminates at 14.3 years

following sections,

VARIABLE PRICES WITH A CERTAIN FUTURE

To examine the effect of variable prices (per-
fectly predicted) on the operating schedule, the actual
Canadian producers’ prices between 1950 and 1970
have been used. A constant of 41.6 cents has been
added to each price in order to begin with a value
of 65 cents/Ib in the first year. The price variations

t Terminates at 14.9 years

So far it has been assumed that all variables 95—
wili remain stable over the life of the mine, but it is
unrealistic to suppose that costs will not increase and
prices will not fluctuate. The interaction of cut-off
grades and fluctuating prices will be examined in the
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are shown in Fig. 3. The results of applying these

price variations to the previous example are shown

in Tables 6 and 7.
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Table 6 is the schedule obtained when variable
mining costs are applied to the amounts in the rate
of depletion column. In this case these tonnages can
b regarded as the actual mining rate.

The operation begins in the first year with a
mining rate of 31,500 tons/day and a cut-off grade
of 0.815 9. It is then increased to 33,000 tons/day
at 0.865 9% until year 5 when, apparently in antici-
pation of the sharp price increases of years 6 and T,

the production rate is lowered to 31,500 tons/day.
Profit is actually being sacrificed in years 1 and 5
for higher discounted profits in subsequent years.

A more orthodox situation can be seen in Table 7,
where variable mining costs have been applied to the
production rate. In this case there iz no immediate
lowering of the cut-off grade with temporary price
increases, and the sharp price inecreases of years 6

and 7 produce no change in the schedule.

TABLE 6

Variable prices: variable mining costs applied to depletion rate

Depletion rate of deposit,

Production rate,

Year tons/day tons/day Cutoff grade, % Discounted profit, §
1 31 500 30 000 0.815 17 882 787
2 33 000 30 000 0.865 20 791 590
3 33 000 30 000 0.865 17 591 677
4 33 000 30 000 0.865 15415108
b 31500 30 000 0.815 11 677 888

6 33 000 30 000 0.865 14 140 921 .
i § 33 000 30 000 0.865 13 540 530
8 31500 30 000 0.815 5 890 082
9 30 000 30 000 0.640 3 571 467
10 30 000 30 000 0.640 3 868 323
11 30 000 30 000 0.640 3 228 508
12 30 000 390 000 0.640 2 408 995
13 30 000 30 000 0.640 2154 392
1t 30 000 30 000 0.640 1633 490
Total discounted profit $133 795 758

TABLE 7

Variable prices: variable mining costs applied to production rate

Depletion rate of deposit,

Production rate,

Year tons/day tons/day Cutoff grade, % Discounted profit, §
1 36 000 30 000 0.940 19 711 415
2 36 000 30 000 0.940 22 289 014
3 36 000 30 000 0.940 18 801 613
4 36 000 30 000 0.940 16 399 852
5 36 000 30 000 0.940 12 545 404
6 36 000 30 000 0.940 14 824 670
7 36 000 30 000 0.940 14 115 414
8 33 000 39 000 0.865 6142 T14
9 31 500 30 000 0.815 3710 247

10 31 500 30 000 0.815 4 000 869

11 30 000 30 000 0.640 3229112

12 30 000 30 000 0.640 2409478

13 39 000 30 000 0.640 2154 778

Total discounted profit $140 334 579
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The analysis is not entirely realistic, as costs
have been kept constant, whereas they would nor-
mally be expected to follow rising prices. Although
dynamic programming is capable of handling simul-
tanecus variation of all costs and pricez, only price
fluctuations have been considered — to illustrate more
clearly the effects of such variations. Perfect predic-
tions of prices would probably only arise from long-
-term contracts, which would also include amounts
to be sold at specified prices. A more realistic ana-
lysis would be achieved if future prices were predicted
in terms of probability.

STOCHASTIC PROGRAMMING

In most cases prices and costs will vary over
time and their prediction will be subject to uncer-
tainty, but if sufficiently accurate estimates are
possible, they can be forecast in terms of probability.
It is here supposed that all costs and prices can
assume any one of a given set of values with certain
specified probabilities. Furthermore, it is supposed
that at the beginning of any period each price and/or
cost can move from one of these permissible values
to another. It is not supposed that this change is
deterministic; instead, it is assumed to be stochastie,
ruled by a transition matrix P = [pjj}.

A stochastic program for prices can then be
formulated as

M
fnlx) = TRX E ‘g‘u{xn'yn'-jj le"I'.I] + f?n—l (x_xn}
xl: 'yrl j:1

where p,(n) is the probability of price j in period
n and is defined by

M

p,(n) = Z p(n-1) p, i=12.. M
=i

and p , is the probability of a change in price from
value i to value j. It is clear that
0<p; <1 Vi

and

M
Z Py =1 ¥

=1

f (x) is the optimal expected value after n periods,
and x and y_represent optimal strategies,

Variable prices with an uncertain future.

Suppose, for example, that it is envisaged that
the price will vary between $0.65 and $1.00/1b during
the maximum expected life of the mine-say, 20 years.
For the sake of illustration we will also assume that
the price can only take certain discrete values bet-
ween these two limits, as shown in Table 8, where
the probability of each price occurring in the first
vear is also given. From this set of probabilities it
can be seen that it is considered almost certain that
a price of either $0.65/lb or $0.70/1b will prevail in
the first year; however, there is also a slim chance
that it will be higher. The transition probability ma-
trix of Table 8 represents the probability that the
price will move from one value to another in any
given period, e.g. the first line represents the proba-
bility that if the price in the previous period were
$0.65/1b, in the current period it will remain at that
value, or move to $0.70/1b or to $0.75/1b, ete.

TABLE 8

Transition probability matrix

Price $ 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
Probability o
i | 055 0.15 0.10 0.08 0.06 0.04 0.015 o.ooﬂ
o 0.40 0.40 0.10 0.05 0.03 0.01 0.005 0.005
0.10 0.30 0.40 0.10 0.05 0.03 0.015 0.005
Sashabiity 0.05 0.10 0.30 0.40 0.10 0.03 0.01 0.01
0.005 0.05 0.10 0.40 0.30 0.10 0.035 0.01
0.005 0.01 0.05 0.10 0.40 0.30 0.10 0.035
Matris 0.005 0.01 0.035 0.05 0.10 0.40 0.30 0.10
0.005 0.01 0.035 0.05 0.10 0.40 0.30 0.10
0.001 0.009 0.04 0.05 0.10 0.20 0.40 0.20
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The resulting optimal strategy schedule when
variable mining costs are applied to the depletion
rate is shown in Table 9. When variable mining
costs are applied to the production rate, the optimal
strategy is that of Table 10. If these results are com-
pared with those of Tables 2 and 3, it will be seen
that the overall cut-off grade has been reduced, owing
to the expected higher prices. By the fourth year
there is a 77 9% chance that the price will have risen

to $0.75/1b or higher, and in the fifth year this pro-
bability has increased to 84 ¢.

Only variable prices are specified here as a func-
tion of time, but all variables may be specified as
functional equations as, for example, in reference
[11]. Capital and operating costs can also be consi-
dered as functions of the cut-off grade. Higher cut-
-off grades demand more selective mining and, hence,
capital and operating costs may increase.

TABLE 9

Variable prices: uncertain future, variable mining costs applied to depletion rate

Depletion rate of deposit,

Production rate,

Dizeounted expected

Year tons/day tons/day Cutoff grade, ¢ profit, §
1 33 000 30 000 0.865 58 090 848
2 33 000 30 000 0.865 46 472 678
3 33 000 30 000 0.865 37178 142
4 332 000 30 000 0.865 29 742 514
5 33 000 30 000 0.865 23 794 011
6 33 000 30 000 0.865 19 035 209
Y § 31 500 30 000 0.815 15 062 374
8 31 500 30 000 0.815 12 049 899
9 31 500 30 000 0.815 9639 919
10 30 000 30 000 0.640 7 565 979
11 30 000 30 000 0.640 6052784
12 30 000 30 000 0.640 4 842 227
13 30 000 30 000 0.640 3 873 781
14-14.9 30 000 30 000 0.640 2622 627
Optimal discounted expected value of profit $276 022 992

TABLE 10
Variable prices: uncertain future, variable mining costs applied to production rate
Depletion rate of deposit, Production rate, Discounted expected

Year tons/day tons/day Cutoff grade, % profit, §
1 36 000 30 000 0.940 60 267 798
2 38 000 30 000 0.940 48 214 238
3 36 000 30 000 0.940 38571 391
4 36 000 30 000 (.940 30 857 112
5 36 000 30 000 0.940 24 685 690
6 35 000 30 000 0.940 19 748 552
7 33 000 30 000 0.865 15 464 986
8 33 000 30 000 0.865 12 371 989
9 33 000 30 000 0.865 9 897 591
1c 31 500 30 000 0.815 T 764 604
; bt 31 500 30 000 0.815 6 211 683
12 30 000 30 000 0.640 4 834 797
13 30 000 30 000 0.640 3 86T 837

Optimal discounted expected value of profit $282 758 267
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MINING CONSTRAINTS

Up to this point the problem of determining
optimum cut-off grades and production ratez has been
greatly simplified. In effect, it has been asgsumed
that all ore is immediately accessible. Unfortunately,
this is not the case. In open pit mining, for example,
the block-grade distribution will comprise all blocks
of ore that fall within the optimal pit contours and
a block can only be mined if all ore within the cone
which has this block at its vertex has already been
mined. To fulfill an optimal production plan, as de-
termined by the methods outlined so far, may involve
selecting blocks from the bottom of the ultimate pit
during the first stages of production which would
of course be impossible.

Within the framework of dynamic programming
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400 Variance 0063 {'f.}z
300
200
100
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it would be theoretically possible to specify all the
constraints on selecting the blocks for every possible
year of production but practically this would be im-
possible because of the enormous number of possibi-
lities. Many simplifications, however, are poesible. For
example, during each year of production mining
could be restricted to a maximum depth of, say, three
blocks which would greatly reduce the number of
constraints, Such a restriction would probably apply
in practice anyway. This maximum yearly mining
depth could be increased towards the bottom of the
pit.

As an example the distribution of figure 2 has
been divided into the five component distribution of
figure 4, each of which represents a depth of one
block, i.e. a 100 ft. level. Each of these levels is to
be mined sequentially beginning with level 1 and no

Level 5
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Fig. 4 Total deposit
divided into five levels

330

Grade %

TECNICA 451/452




level can begin production until the level above it
has been mined out.

The resulting optimal schedule is shown in Ta-
ble 11. Variable mining costs have been applied to
the production rate, and prices and costs are fixed

production, followed in the fifth year by level 3.
Production is completed with level 5 in the thirteenth
year.

The programming of this problem takes up only
slightly more storage and running time than the ori-
ginal problem but as the number of constraints are

TABLE 11

Schedule for sequential mining of the five levels shown in figure 4

Production rate,

Year of deposit, Production rate, Cutoff Discounted Level in
tons/day tons/day grade, % profit, § operation
1 36 000 30 000 0.930 17 991 900 1
2 36 000 30 000 0.930 14 393 520 1
2.4 36 000 30 000 0.930 4 605 926 1
24-3 36 000 30000 0.890 7692 976 2
4 36 000 30 000 0.890 10 257 302 2
4.9 36 00 30 000 0.890 7 385 256 2
4.9-5 26 000 20 000 0.965 794193 3
6 36 GO0 30 000 0.965 6 353 588 3
T 36 000 30000 0.965 5 082 866 3
7.3 36 000 30 000 0.965 1219 888 3
7.3-8 36 000 30 000 0.920 3133275 4
9 36 000 30 000 0.920 3 580 886 4
9.7 36 000 30 000 0.920 2005 296 +
9.7-10 31 500 30 000 0.825 761 548 b
11 31 500 30 000 0.825 2 030 794 -
12 30 000 30 000 0.640 1562 397 5
12.6 30 000 30 000 0.640 749 950 5

Total discounted profit $89 601 561

at the wvalues given in Table 1. All investment is
assumed to have taken place before operations begin,
and no new investment is required to open a new
level. The probable negation of this assumption, in
practice, will result in a slightly different schedule
especially for the later levels.

Production begins on level 1 at a cut-off grade
of 0.930 9% and at the maximum depletion rate of
36,000 tons per day. These rates continue until the
beginning of the sixth month of the third year (i.e.
after 2.4 years — Table 11), when level 2 comes into
increased storage and, especially, running time will

increase.

Further constraints have been introduced such
as the combination of two contiguous levels so as to
respect open pit constraints. For example a block
may be mined from either level 1 or level 2 but if
mined from level 2 then the block immediately above
it on level 1 plus the eight surrounding blocks on
level 1 must have been previously mined (or will at
least be simultaneously mined) as shown in figure 5.

Each level is defined by its block-grade distribu-
tion, Mining cannot progress to level 3 until level 1
has been completely mined. This problem resulted
in a 65 % increase in computing time.

TS

LEVEL 1

LEVEL 2

Figure §
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OTHER VARIABLES: TAXATION AND INFLATION

The very nature of the dynamic programming
method allows almost any variable to be taken into
account. Various types of taxation schedules such
as direct levies on profits and high grading penalties
have been incorporated into the procedure. Varying
inflation rates can also be taken into account.

Dynamic programming not only allows all varia-
bles and relationships to be taken into account but
also permits the criterion of optimisation (maximum
present value, maximum rate of return ete.) to be
readily changed.

CONCLUSIONS

Dynamic and stochastic programming are feasi-
ble and general methods for solving cut-off grade
and production rate problems. While the results pre-
sented here are, to a large extent, dependent on the
specified operating conditions of the concentrating
and refining plants and on the definition of many
of the variables, it is a simple matter to alter any
parameter either deterministically or stochastically.

The intention in this paper was to introduce a
general method for the solution of the cut-off grade
problem in particular, and for mining problems in
general.

Much work remains to be done before a general
theory of cut-off grades under real market conditions
can be established; but it is felt that the methods
presented can be used to build the foundations of
such a theory.
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PEREIRA, Henrique Garcia — Introdugdo as varia-
veis regionalizadas, «Técnica», Lisboa, LIV (451/
/452) Jan./Fev./Mar. 1979, p. 89-96.

Introduz-se a nociio de Varidvel Regionalizada no
geu duplo aspecto aleatdrio e estrutural. Dido-se exem-
plos de Varidveis Regionalizadas nos dominios geold-
gico e mineiro e sugere-se, em Referéncias Bibliografi-
cas existentes no CVRMUL, outras aplicacbes. Inter-
pretam-se as Varidveis Regionalizadas como realizacfio
de uma Funcio Aleatéria e introduzem-se hip6teses
restritivas. Define-se o variograma como instrumento
bésico da Geoestatistica e estudam-se algumas das suas
propriedades como revelador de estruturas.

Indica-se 0 método de cdleulo do variograma expe-
rimental e listam-se alguns modelos tedricos ajustaveis.

C. D. U. 519.25/27/28:622.1

CORTEZ, Leopoldo Parreira — /ntroducdo a estima-
¢do geoestatistica, «Técnica», Lisboa, LIV (451/
/452) Jan./Fev./Mar. 1979, p. 97-137.

O problema da estimacio geoestatistica consiste na
inferéncia de estimadores de certas caracteristicas glo-
bais ou médias de um determinado dominio (por exem-
plo, a reserva total ou o teor médio de um jazigo
mineral), com base na informacido obtida através de
uma amostragem parcelar, e na quantificacio da pre-
cisio dessa estimaciio. Esta quantificacdo é feita atra-
vés da variincia de estimacido, e utiliza o variograma
das varidveis regionalizadas que definem as caracteris-
ticas a estimar, como instrumento de trabalho.

Neste capitulo fornecem-se as funcdes tedricas do
cdleulo das variancias de estimaciio e indicam-se alguns
processos  praticog para a realizacfio desse cdlculo.
A finalizar, apresentam-se duas aplicacies concretas da
estimaciio geoestatistica, respectivamente & optimizacio
do reconhecimento de um jazigo filoneano sub-vertical
por galerias de nivel amostradas por roucos, e ao cil-
culo global da reserva em minério e em metal e do teor
médio de um jazigo estratiforme amostrado por uma
malha regular de sondagens.

Ano LIV — Janeiro/Fevereiro/Marco 1979

C. D. U. 519.25/27/28:622

MUGE, Fernando Humberto — Pratica de Krigagem,
«Técnica», Lisboa, LIV (451/452) Jan./Fev./Mar.
1979, p. 139-150.

Introduz-se a nocio de estimador linear optimizante
— estimador de Krigagem. Constroi-se o sistema de
Krigagem para o caso estaciondrio. Dio-se exemplos
de varidveis regionalizadas em que nfo é vilida a hip6-
tese de estacionaridade e definem-se para estes casos
os estimadores de Krigagem Universal.

Dio-se exemplos de Krigagem de varidveis inter-
correlacionadas (Cokrigagem) e constroi-se o respectivo
sistema de Cokrigagem.

Indica-se a estrutura bésica de um programa de
Krigagem.

C. D. U. 519.24/25/27/28:622:550

ROGADO, José Quintino — Uma nova parametri-
zagdo de jazidas minerais, «Técnica», Lisboa, LIV
(451/452) Jan./Fev./Mar. 1979, p. 151-156.

Apontam-se algumas limitacdes 4 préatica habitual
do critério de rejeiciio baseado sobre pequenos blocos
e respectivo teor tal-qual.

E-se assim conduzide & consideraciio do bloco de
beneficiamento e & construcfio da caracteristica optimal,
a gqual permite orientar a escolha do projecto optimal
e, traduz, portanto a parametrizacio mais significativa.

Mostra-se seguidamente que o controlo do desmonte
é realizado apos parques de homogenizaciio e desenvol-
ve-se a teoria bAsica que permite a avaliacio das politi-
cas de constituicfio e retoma de tais parques.
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U. D. C. 519.25/27/28:622

MUGE, Fernando Humberto — The practice of Kri-
ging, «Técnica», Lisboa, LIV (451/452) Jan./Feb./
/Mar. 1979, p. 139-150.

It is introduced the notion of best linear unbiased
estimator — Kriging  estimator. It is presented the
Kriging system of equations for the stationary case.

They are given examples of regionalized variables
for the non stationary case and are defined, for these
cases, the best linear unbiased estimator — Universal
Kriging estimator,

They are also given examples in which are kriged
intercorrelationated variables (cokriging) and is pre-
sented the respective cokriging system.

It is shown the basic structure of a Kriging pro-
gram.

U. D. C. 519.24/25/27/28:622:550

ROGADO, José Quintino— A new parametrical
description of ore bodies, «Técnica», Lisboa, LIV
(451/452) Jan./Feb./Mar. 1979, p. 151-156.

Some limitations are pointed out concerning the
usual cut off criterion based on small blocks and res-
pective crude ore grades.

By this via the concepts of beneficiation block and
optimal chracteristic are built up. This characteristic
is useful for framing the design of the optimal mining
project, Thus, it is the convenient way for the para-
metric description of an ore body.

It is also shown that the exploitation control is
usually carried out on the output of a stockyard. The
theoretical basis which governs the adequate stacking
and reclaiming stockyard policies is developed.

U. D. C. 519.24/25/27/28:622.1:550

PEREIRA, Henrique Garcia — Introduction to the
regionalized variables, «Técnica», Lisboa, LIV (451/
/452) Jan./Feb./Mar. 1979, p. 89-96.

The theory of Regionalized Variables is introduced
by its structural and random features. Examples of
the variables in the geological and mining fields are
presented and other applications are suggested. The
Regionalized Variables are studied as a realization of
Random Functions and work hypothesis are introduced.
The variogram is definned as the basic tool of Geosta-
tistics and some of its applications as structure depictor
are discussed.

The method for experimental variogram ealculation
is described and some theoretical models are adjusted.

U. D. C. 519.25/27/28:622.1

CORTEZ, Leopoldo Parreira — Introduction to geos-
tatistical estimation, «Técnica», Lisboa, LIV (451/
/452) Jan./Feb./Mar. 1979, p. 97-137.

Geostatistical estimation deals with inference of es-
timators for some global or mean characteristics of a
certain space based on discontinuous sampling, and
with the precision of this estimation, which is quan-
tified by the estimation variance; the fundamental
function in error computations is the variogram,

Theoretical basis for caleulation of estimation va-
riances are referred, and some practical processes are
proposed. In the last part, two examples of applications
are given, respectively to the optimization of the sam-
pling of a vein orebody recognized by horizontal galle-
ries, and to the global ore reserve and mean grade
estimations of a stratiform orebody recognized by a
regular pattern of drill holes.
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